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The beginning of knowledge is the discovery of something we do not understand
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Abstract
Millisecond pulsars (MSPs) belong to a class of radio pulsars characterized by high rotational spin rates
and low magnetic fields. These neutron stars are believed to be the end-product of binary evolution,
in which an old neutron star accretes matter and angular momentum from a close stellar companion
for an extended period of time, while being observable as an X-ray binary. During this evolutionary
phase, they acquire millisecond spin periods and, after the accretion episode ceases, they are reactivated
as radio emitting pulsars. The majority of MSP companions are low-mass helium-core white dwarfs
(He WDs). However, MSP systems harbouring carbon-oxygen white dwarfs (CO WD), neutron stars,
or ultra light companions have also been found, suggesting a diversity in the nature of their progenitors.
A handful of MSPs are observed in very compact orbits, Porb ' 2 − 9 hr, orbiting around low-mass
He WDs with masses below 0.25 M and surface gravities 5 < log g < 7, the so-called extremely
low-mass helium white dwarfs (ELM WDs).
Today we know of the existence of more than 80 ELM WDs. The increasing number of discovered
ELM WDs reveals that they are formed in different environments, from the Galactic disk to open and
globular clusters. ELM WDs are most likely the result of binary evolution as they cannot be formed from
single stars within a Hubble time. Indeed, over 80% of the observed ELM WDs are found in binary
systems, most commonly around a more massive CO WD. The new wealth of data raises questions
regarding the puzzling presence of metals in the atmospheres of young bloated ELM proto-WDs and
the newly discovered pulsations in three ELM proto-WDs. In this context, improved stellar evolutionary
models in which binary evolution is fully accounted for are needed in order to explain the formation and
the observed properties of these objects.
In this thesis, we investigate the formation of MSPs found in compact orbits with ELM WD compan-
ions through numerical calculations using state-of-the-art stellar evolutionary codes. In particular, we
examine if the observed systems can be reproduced by theoretical modelling using standard prescrip-
tions of angular momentum loss with contributions from gravitational wave radiation, magnetic braking
and mass loss. We find that a severe fine-tuning in the initial orbital period is necessary to reproduce the
observed number of MSPs with ELM WD companions suggesting that something needs to be modified
or is missing in the standard input physics of their modelling.
Moreover, we explore the formation and cooling of ELM WDs through a large grid of computed
models suited for environments with different metallicities, with emphasis on the proto-WD phase.
Specifically, we analyse in detail the evolutionary times of these objects which are of great importance
in providing an accurate independent age estimate for MSP systems. For the first time, we study the
combined effects of element diffusion, i.e. gravitational settling, thermal and chemical diffusion, and
rotational mixing on the evolution of these WDs. Our results show that rotational mixing plays a key
role in determining the chemical composition of the surface layers of ELM proto-WDs, but it does not
affect their internal structure. This finding has important implications for the asteroseismology studies
of ELM proto-WDs which are currently pursued. Furthermore, we suggest that the spin frequencies
of the resulting WDs are well above the orbital frequencies, a result which needs to be confirmed by
further dedicated observations.
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CHAPTER 1
Introduction
Astronomy, as nothing else can do, teaches men humility.
Arthur C. Clarke, The Challenge of the Spaceship, 1959
Astronomy is as old as mankind although the concepts tremendously evolved and changed with time.
The last 100 years represents a huge step forward in scientific and technological development. For
astronomy, the availability of more telescopes, bigger telescopes, space missions and ever increasing
computing power provides new windows and methods to study the surrounding Universe.
Stars are fundamental objects in the Universe as they are the building blocks of larger structures
such as clusters and galaxies. As an example, our own galaxy, the Milky Way, a typical spiral galaxy,
contains between 1011 to 1012 stars. In the early Universe, the first generation of stars formed exclusively
from the primordial gas which contained hydrogen, helium, and very small amounts of lithium and
beryllium. It is the first stars that produced heavier elements which changed the dynamics and evolution
of the Universe as we know it today. The history of a galaxy can be traced by statistically studying the
properties of its stars. Thereby, stellar astrophysics, which studies the birth, the evolution and the death
of the stars plays a central role in modern astrophysics.
Stars form inside very cold (∼10–20 K) clouds of gas which are composed mostly of molecular
hydrogen and helium. In addition, they are seeded with heavier elements from stars that lived and
died before them. These clouds extend across hundreds of light years and contain the raw material for
thousands or even more stars. A nearby supernova, collisions with another gas cloud, or the pressure
wave of a galaxy’s spiral arms passing through the region can disrupt the balance between the cloud’s
gravity and the outward gas pressure of the molecules, causing the cloud to collapse. As the cloud
collapses, it breaks into smaller and smaller increasingly compact clumps, until there are knots with
roughly the mass of a star. These newly formed objects are the so-called protostars. The protostar is
surrounded by a circumstellar disk from which it may still accrete material while the remaining matter
eventually will form a planetary system. When the central temperature of the protostar reaches roughly
107 K, hydrogen can fuse into helium. Once the nuclear fusion starts, a new star is born! Some objects
don’t accumulate enough mass to be able to start nuclear fusion and become brown dwarfs, substellar
objects, which slowly cool down over billions of years. A qualitative picture showing the formation
process, the evolution and the type of remnant for different stellar masses is shown in Fig. 1.1.
According to their observational properties, stars can be classified in various ways creating a true
stellar zoo. However, the most important factor in determining the evolution of a star is its initial mass.
From a theoretical point of view, stars can simply be classified according to their initial mass as low-
mass stars, with 0.08 . M/M . 2.0, intermediate-mass stars, with 2.0 . M/M . 8.0 and high-mass
stars or massive stars with M & 8.0 M.
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Figure 1.1: Image depicting birth, evolution and death of stars. The mass of the star increases on the y-axis and
the time evolution is represented on the x-axis, from left to right. Credit: Jet Propulsion Laboratory.
The distribution of the initial masses in a population of stars is described by an empirical function,
called the initial mass function. The initial mass function of the local solar neighbourhood (Salpeter
1955; Kroupa 2002) indicates that the vast majority of stars (∼ 90%) are born with masses less than 0.8
M, while massive stars are very rare, less than 1% of all stars.
Stellar evolution can not be studied by continuously observing an individual star as most changes occur
over millions or billions of years, but by observing numerous stars which are in various stages of their
evolutionary history. Astronomers visualize the evolution of a star in a so-called Hertzsprung-Russell
diagram (HRD). The most common used quantities plotted in this diagram are luminosity1 and surface
(effective) temperature.
1.1 Stellar evolution in a nutshell
Stars, much like humans, are born, evolve and eventually die. The evolution of a single star, its lifetime
and the nature of its compact remnant are primarily determined by its initial mass. However, other
1 total energy emitted by a star per unit time.
2
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parameters, such as chemical composition, rotation and mass-loss by a stellar wind also play a crucial
role. Things get much more complicated if the star, at some point in its life, interacts gravitationally
with another star and experiences mass transfer from one to another. A complete introduction on stellar
astrophysics is beyond the scope of this thesis, but the interested reader is referred to, for example, the
textbook by Kippenhahn et al. (2012).
A star can be approximated by a self-gravitating gas (plasma) in hydrostatic equilibrium that radiates
energy into its surrounding space. The virial theorem states that the radiative loss of energy for such
a gas causes it to contract. During the contraction phase, the gas releases gravitational energy which
translates into an increase in its temperature. Thus, while the star tries to cool itself by radiating away
energy through the surface, instead gets hotter. The more it radiates, the hotter it gets and the more it
has to radiate away. This is an unstable situation in the long run and explains why the star ends its life
as a compact object. However, nuclear fusion provides the energy that is lost at the surface for most
of the lifetime of a star leading to the stability we observe, for example, in our own Sun. The energy
produced in the center of the star needs to be transported to the surface2, thus a temperature gradient is
established which is coupled to the pressure gradient that provides the hydrostatic equilibrium.
Nuclear fusion occurs in regions of the star where the temperature is high enough that quantum
mechanical effects lead to the fusion of some nuclei into heavier ones, with the release of their binding
energy (the difference in the rest mass). Depending on the initial mass3, there are different nuclear fusion
cycles that can occur in the core of a star through which the initial hydrogen is gradually converted
to helium, helium to carbon and then further to heavier elements such as neon, oxygen and silicon
in the case of the more massive stars. As the energy source changes, the star goes through different
evolutionary stages characterized by changes in its observable properties such as surface temperature,
luminosity, and radius.
In general, massive stars produce metals4 up to iron during the core nuclear burning phases. However,
through processes such as the s-process5, heavier elements than iron can be produced. During the
final stages of their evolution, stars shed a fraction of their material into space through a stellar wind6,
thus recycling interstellar material. The remnants of stellar evolution are white dwarfs for low- and
intermediate-mass stars, and neutron stars and black holes for massive stars.
Low- and intermediate-mass stars
All stars initially convert hydrogen into helium. During this evolutionary phase, stars are found on the
main sequence which is the region in the HRD where stars spend most of their lives and, therefore, is
also the most populated region of the diagram. At the end of this phase7, the star will have an inert
helium core surrounded by a hydrogen envelope.
A low-mass star, such as our own Sun, will spend about 1010 years on the main sequence. Once the
helium core is formed, the central temperature is not high enough for helium fusion to occur. As no
nuclear energy source is available to balance the energy loss from the surface, the core slowly starts to
contract. As the contracting core heats up, hydrogen will start burning in a shell surrounding the core,
releasing more energy per unit time (i.e luminosity) than during the main sequence phase due to a higher
core temperature.
2 either through convection or radiative transport.
3 The crucial difference between low, intermediate and high-mass stars stars is the core temperature.
4 In astrophysics, metals denote all the chemical elements heavier than hydrogen and helium.
5 The s-process is a nucleosynthesis process that occurs at relatively low neutron density such that any unstable products
have time to decay before another neutron is captured.
6 In general, the more massive the star, the stronger the wind-mass loss.
7 The main sequence ends when the supply of hydrogen runs out in the inner ∼ 10% of the mass the star.
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Figure 1.2: The evolution of a low-mass star in the Hertzsprung-Russell diagram (HR). Credit: Addison Wesley.
The pressure produced by the burning shell is transferred to the envelope causing it to expand and cool
down. During this phase, the radius of the star expands 10 to 100 times its original size, while the surface
temperature decreases – characteristics that give rise to the name red-giant phase. The evolution of a
low-mass star in the HRD, as well as its internal structure, is schematically shown in Fig. 1.2. The helium
core contains a mixture of helium nuclei and electrons. According to the Pauli exclusion principle, two
electrons cannot occupy the same energy level with identical quantum numbers simultaneously. As the
core of the star contracts, it becomes denser and denser and therefore the lowest electron energy levels
are filled and the electrons are forced into higher and higher energy levels. This gives rise to a pressure
called the electron degeneracy pressure which prevents further gravitational collapse. When degeneracy
pressure is stronger than thermal pressure, the gas is said to be degenerate. A degenerate gas behaves
quite differently than an ideal gas. While for an ideal gas, the pressure depends on the density and the
temperature, for the degenerate gas the pressure depends only on the density. In all low-mass stars, the
helium core becomes degenerate during the red-giant phase.
Nuclear reactions that occur in a degenerate core tend to be explosive, generating a type of runaway
process. An increase in the temperature in the degenerate gas does not increase the pressure, so the
gas cannot expand and cool down. The temperature increase makes it easier for the nuclear reactions
to occur, as they are very temperature dependent. The nuclear reactions occur more and more rapidly
until the temperature of the core becomes so high that the degeneracy is lifted. The ignition of helium
in low-mass stars is thus an explosive phenomenon called helium core flash in which a large amount of
helium fuses to carbon in a matter of seconds. After the flash, the luminosity decreases and the outer
layers of the star shrink. Low-mass stars ignite helium in their cores essentially at the same core mass of
0.45 M. As the core structure of all such stars is similar, during helium burning they are found on the
horizontal branch, characterized by near constant luminosity. One of the main difference between low-
4
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and intermediate-mass stars ( 2.0. M/M .8.0) is that the latter, due to higher central temperatures,
have non-degenerate cores when helium burning starts, and the core helium burning proceeds steadily.
After helium core burning, the evolution of low- and intermediate-mass stars is qualitatively alike.
Over time, the core is depleted of helium leaving behind the ashes from the nuclear burning (carbon
and oxygen). At this point, the star is made of a carbon-oxygen core, a helium shell surrounding the
core and the outer part of the star forms a hydrogen shell. Following helium depletion, the star begins to
contract and heat up. The nuclear burning proceeds into a helium shell surrounding the core, causing the
star to expand again and go through a second red giant-like stage on the the asymptotic giant branch.
This phase is relatively short compared to the previous ones, lasting about only one million years for a
Solar-type star. During the red-giant and the asymptotic-giant phase, stars lose significant part of their
envelopes due to a strong stellar wind. During this last phase, the core does not reach the temperature
necessary for carbon burning to ignite. However, the helium shell burns in a series of helium shell flashes
which causes the ejection of the outer helium and hydrogen layers. This outer hot ejected gas forms a
so-called planetary nebula. The carbon-oxygen core left behind is supported by electron degeneracy
pressure and this new object is called a white dwarf, because it is hot and small in size.
Massive stars
A massive star continues nuclear burning beyond helium burning, such that, after several stages of
nuclear fusion, the inner core will be made out of iron. The core nuclear burning cycle ends once the
iron core is formed, as further fusion requires energy rather than releasing it.
Over time, the internal structure of a high-mass star resembles the structure of an onion, with concentric
layers of different elements layered over each other, with highest mass element (iron) at the center.
If the mass of the iron core exceeds the Chandrasekhar limit of ∼ 1.4 M, which is the maximum
mass for an electron-degenerate configuration, the star will collapse to form either a neutron star or a
stellar-mass black hole, depending on the mass of the remaining core. The gravitational energy released
during the implosion is way larger than the binding energy of the envelope of the star. This will result
in a supernova explosion in which the collapsing star ejects its envelope with a typical speed of about
104 km s−1. These type of supernovae, called core-collapse supernovae are some of the most energetic
events in the Universe. For the few weeks that they are at peak brightness, their luminosities can compete
with the luminosity of the entire galaxy in which they are born.
The last stages of a massive star, during and beyond carbon burning, are very short lasting compared
to the lifetime of the star as the burning process becomes less and less efficient, i.e. progressively less
energy is released. The evolution of the core is accelerated as the energy during these burning stages
is mostly released as neutrinos, which can escape the star without interaction with the stellar matter.
Massive stars are considered cosmic engines because they are responsible for a large fraction of the
ionized gas and metals found in normal galaxies.
Table 1.1 lists the possible end-products as a function of the initial mass for single stars. These values
and outcomes (e.g. the possibility of forming helium white dwarfs) will change if binary interactions
are at work. The mass values are only indicative and depend on the metallicity and uncertainties in mass
loss rates and assumed physics. Moreover, for binaries, the values depend on the initial orbital period
and mass ratio.
1.2 Binary evolution
Stars, much like every living organisms, do not prefer life in isolation. Roughly two thirds of all stars
are members of a binary or multiple systems with orbital periods ranging from ∼ 10 min to ∼ 106 years.
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Table 1.1: End products of single stellar evolution as function of initial mass (Tauris & van den Heuvel (2006)).
Initial mass He-core mass Stellar remnant
< 2.3 M < 0.45 M CO white dwarf
2.3-6 M 0.5-1.9 M CO white dwarf
6-8 M 1.9- 2.1 M ONeMg white dwarf
8-12 M 2.1-2.8 M neutron star
12-25 M 2.8-8 M neutron star
> 25 M > 8 M black hole
The majority of them are in wide systems in which both of the components are basically evolving as
single stars. However, there is a fraction of binary systems close enough that the stellar companions
will interact at some point in their lifetime. During this interaction, mass and angular momentum are
transferred from the donor star to the accreting star which changes the structure of both stars and sub-
sequently their evolution. Binary interactions give rise to numerous spectacular phenomena which are
absent in single star evolution. Compact binaries, in which at least one of the components is a com-
pact remnant of a star, host most of the observed high-energy phenomena: X-ray bursts, X-ray pulsars,
novae, supernovae Type Ia, radio and X-ray jets, accretion disks and even gamma-ray bursts.
If two stars orbit each other, we define the Roche potential as the effective potential describing their
mutual attraction. It includes the gravitational potential of each individual star and the contribution
from the centrifugal force. In a binary system8 one can define fixed equipotential surfaces, of particular
importance being the equipotential surface (pear-like shape) passing through the first Lagrangian point,
known as the Roche-lobe (see Fig. 1.3). The Roche potential limits the expansion of a star in a binary
to a maximum radius, the Roche-lobe radius. If a star expands to fill its Roche lobe, i.e. its radius is
close to the Roche-lobe radius, material will be transferred to its companion star.
The Roche-lobe radius is approximated by the following expression (Eggleton 1983):
RL =
0.49q2/3
0.6q2/3 + ln(1 + q1/3)
a, (1.1)
where a is the orbital separation and q=Mdonor/Maccretor is the mass ratio between the two stars.
According to the Roche-lobe geometry, binary stars can be found in three states:
• detached binaries: both stars are confined within their Roche lobes. The only influence they have
on each other is through gravitation, tidal interactions and stellar winds.
• semi-detached binaries: one of the stars fills its Roche lobe (the donor). Mass is being transferred
from the envelope of the donor towards the accretor.
• contact binaries: both stars fill or overfill their Roche lobe. Both stars are gravitationally distorted
and surrounded by a common photosphere through which the stars are in physical contact.
Once a star fills its Roche lobe, i.e. the stellar radius is slightly larger than the Roche-lobe radius,
R & RL, matter starts being transferred towards the companion in a phase called Roche-lobe overflow
(RLO). A star can fill its Roche lobe due to either radial expansion as a result of nuclear evolution, or
orbital shrinkage due to orbital angular momentum losses. When RLO is initiated, the stability of the
mass transfer process depends on several factors.
8 in which the tidal forces have circularized the orbit and the stellar rotation is synchronized with the orbit.
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Figure 1.3: Simple representation of stable mass transfer (a) and unstable mass transfer through common envelope
evolution (b). Credit: Philipp Podsiadlowski.
These factors include how the radius of the donor responds to the mass loss and how the orbit itself, and
therefore also RL, responds to mass transfer. In addition, the dynamical stability also depends on the
response of the companion star to the mass being transferred to it. Depending on the evolutionary state
of the donor, RLO mass transfer can be classified into three cases:
• Case A mass transfer is initiated while the donor is still on the main sequence, i.e. undergoing
core-hydrogen burning.
• Case B mass transfer occurs when the donor left the main sequence but did not start yet helium
core burning.
• Case C mass transfer occurs when the donor overflows its Roche lobe during helium shell burning
or beyond.
When considering binary evolution, three timescales associated with single stars evolution become im-
portant:
• the dynamical timescale is the timescale in which a star reacts to a perturbation on its hydrostatic
equilibrium. It is given by the ratio of the stellar radius to the sound speed of the stellar matter:
τdyn =
R
cs
≈ 0.04
(
M
M
)1/2( R
R
)3/2
day (1.2)
• the thermal timescale is the timescale in which a star reacts when energy loss and energy produc-
tion are no longer in equilibrium. It can be expressed by the ratio of the thermal energy reservoir
of the star, Eth and its luminosity L :
τKH =
Eth
L
≈ GM
2
2RL
≈ 1.5 × 107
(
M
M
)2 R
R
L
L
yr (1.3)
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• the nuclear timescale is the timescale in which a star uses its nuclear fuel reservoir:
τnuc = 0.007
Mcorec2
L
≈ 1010 M
M
L
L
yr (1.4)
where c is the speed of light and Mcore is the mass of the stellar core.
The response of the stellar radius to mass loss depends critically on the structure of the envelope of the
star and, in particular, whether the envelope is convective or radiative. Stars with radiative envelopes
shrink in response to mass loss, while stars with convective envelopes tend to expand rapidly.
Depending on the reaction of the stellar radius to mass loss, RLO mass transfer can be classified as
stable mass transfer, thermal time-scale mass transfer and dynamically unstable mass transfer. The
later often leads to a common envelope (CE). Figure 1.3 shows the geometry for stable mass transfer as
well as for a common envelope.
Dynamically unstable mass transfer occurs when the donor is a giant or supergiant with a convective
envelope, because a star with a convective envelope tends to expand rather than shrink when it losses
mass very rapidly (adiabatically). In this case, the radius of the star expands faster than its Roche-lobe
radius causing a runaway mass transfer on a dynamical timescale. In the same time, the Roche-lobe
radius shrinks when mass is transferred from a more massive to a less massive star, making the donor
overfill its Roche lobe by an ever larger amount. Once a common envelope system is formed, friction
between the immersed binary will make the two components spiral towards each other until enough
orbital energy has been released to eject the envelope (Paczynski 1976), in a poorly understood process.
This ends the spiral-in phase and leaves a much closer binary with an orbital period typically between
∼ 0.1 and ∼ 10 d, consisting of the core of the giant and a normal secondary star. In contrast to the
RLO channel, CE evolution tends to produce very short period systems. Since the spiral-in phase is
very short lived, the companion star will not be able to accrete much matter and it will be mostly
unchanged at the end of this phase. The conditions for the occurrence of dynamical mass transfer are
not well determined. It is usually assumed that the mass transfer from a star with a convective envelope
is dynamically unstable if the mass ratio of the donor to the mass accretor is larger than a critical value
of ∼ 1.3. The formation and evolution of compact binary stars is reviewed in Tauris & van den Heuvel
(2006) and Postnov & Yungelson (2014) and a complete review of the common envelope formalism can
be found in Ivanova et al. (2013).
1.3 White dwarfs
A white dwarf (WD) is the stellar remnant of low- and intermediate-mass stars, i.e. stars with mass
smaller than 10±2 M. More than about 97% of all stars, including our own Sun, will end their life as a
WD. Because many WDs are among the oldest objects in the Galaxy, they can be used to determine the
age of the stellar population where they reside, such as the Galactic disk (e.g. Oswalt et al. 1996), indi-
vidual open clusters (e.g. García-Berro et al. 2010), and the Galactic halo (e.g. Kalirai 2012). Moreover,
studying the population of WDs in a given environment, reveals important information about the star
formation process (Tremblay et al. 2014).
Because of their small radii, WDs are intrinsically faint, and therefore, from an observation point of
view, they are hard to detect requiring moderately large telescope apertures. The Sloan Digital Sky
Survey (SDSS) played a major role in the last decade by spectroscopically identifying roughly 30 000
WDs (Kepler et al. 2016) and this number will only increase to reach ∼105 with the new Gaia mission
(Gaensicke et al. 2015).
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White dwarfs are supported against gravitational collapse by the electron degeneracy pressure. This
provides a maximum limit for the mass of a WD, known as the Chandrasekhar mass limit that is roughly
about 1.4 M. Any isolated WD with a mass below this critical mass will stay a WD forever, while a
WD that exceeds this mass, for example, by accretion in a binary system, will collapse and possibly
explode in a thermonuclear supernova.
White dwarfs have a relatively simple structure of an isothermal core surrounded by a non-degenerate
envelope. The chemical composition of both the core and the envelope depends on the WD mass and
are basically determined by the evolution of the WD progenitor. Most of them have a core composed of
a mixture of carbon and oxygen with a thin helium mantle (containing ∼ 1% of their mass) surrounded
by a thinner hydrogen envelope (most 0.01% of the WD mass). The WDs with a mass smaller than
about 0.4 M have helium cores and are produced in close binary systems, while those more massive
than about 1.05 M are probably made of oxygen, neon and magnesium.
Spectral types
White dwarfs can be classified according to their optical spectra, i.e the dominant spectral lines in their
atmospheres as (i) DA: strong hydrogen lines, (ii) DB: strong He I lines, (iii) DO: strong He II lines,
(iv) DC: no strong lines (continuous) spectrum, (v) DZ: strong metal lines (excluding carbon), (vi) DQ:
strong carbon lines.
About 80% of the WDs enter the WD cooling domain with hydrogen-rich atmospheres. Gravitational
settling (element sedimentation) is very efficient in the regime of high surface gravities exhibited by
WDs (log g ∼ 8) leading to the formation of almost pure hydrogen atmospheres, the DA WDs. The
mass distribution of DA WDs peaks at 0.59 M and also exhibits high- and low-mass components
(Kepler et al. 2007; Kleinman et al. 2013; Kepler et al. 2015).
Some of the newly formed WDs may experience a very late helium flash, during which the WD under-
goes violent mixing episodes. As a result, the atmospheres of these WDs contain a mixture of helium,
carbon and oxygen. These are very hot objects, called the PG1159 stars, showing a very characteristic
spectral signature. The interplay between stellar winds, gravitational settling, cooling evolution and
possible pollution from an accretion disk leaves behind DO, DB, DQ, DZ, and DC stars.
Cooling evolution
The evolution of a WD can be treated as a simple cooling process in which the internal energy of the ions
in the degenerate core act as a reservoir of energy and the outer non-degenerate layers control the energy
outflow. Energy transport in the interior of the WD is dominated first by neutrinos and then by electron
conduction. In the outer non-degenerate layers, radiation transports the energy to the surface but, at
lower temperatures, convection associated with the partial ionization of the most abundant element at
the surface becomes important.
The basic theory of WD cooling was developed more than 60 years ago by Mestel (1952), who found a
power-law relation between age and WD luminosity:
tcool ∝ L−5/7. (1.5)
The Mestel age-luminosity relation is in good agreement with detailed numerical evolutionary models,
in particular in the regime −1 ≥ log(L/L) ≥ −3. However, important physical processes such as for
example neutrino cooling, crystallization and surface convection can change the cooling time compared
to the simple relationship above.
An example of the formation and evolution of a WD in the HR diagram is shown in figure 1.4.
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Figure 1.4: HR-diagram for the full evol-
ution of a 3.5 M star from the zero-
age main sequence to the white dwarf do-
main. Mass-loss episodes at the thermally
pulsing AGB reduce the stellar mass to
0.66 M. The various physical processes
which occur as the WD cools, as well
as the domain of the pulsating instability
strips for the DOV, DBV and DAV, are in-
dicated. The thin dashed line displays the
neutrino luminosity. Figure from Althaus
et al. (2010).
In the earliest stage, the cooling is a very complicated function of the initial status of the pre-white
dwarf, such as the pulse-interpulse phase at which the WD is formed. The cooling also depends on the
number of thermal pulses the star suffered before planetary nebula ejection, and the chemical stratifica-
tion. The thermal evolution is affected by processes such as mass loss, radiative levitation of elements,
gravitational settling and diffusion.
The ions inside the WD core behave initially as a gas, and, as the cooling evolution proceeds, as a
fluid, and ultimately undergoes a first-order phase transition to the solid phase. A significant amount
of energy is lost in the early phases of the WD cooling through neutrino processes. Consequently, the
cooling process of a WD can be roughly divided in four stages (Isern & García–Berro 2004; Kawaler
et al. 1996):
• Neutrino cooling occurs when log (L/L) > −1.5. Shortly after the planetary nebula phase,
the core of the WD is still hot enough such that a large number of neutrinos are formed through
processes involving the electroweak interaction. The vast majority of the neutrinos escape without
interaction to outer space, thus contributing to an important stellar energy sink. The evolution of
a very hot, young WD is thus dominated by neutrino cooling.
• Fluid cooling occurs at −1.5 ≥ log (L/L) ≥ −3. This is the best understood phase in the WD
cooling evolution. At this point, the ratio of Coulomb energy to thermal ion energy exceeds one
and the WD core becomes a Coulomb liquid. At this stage, the fluid is only loosely coupled
and the transfer of energy through the envelope is controlled by a large buffer of non-degenerate
matter.
• Crystallization settles in when log (L/L) <−3 and leads to one of the largest sources of uncer-
tainty in determining the ages of cool WDs (Segretain et al. 1994). When a typical WD with a
mass of 0.6 M cools down to Teff ' 6000−8000 K, the core will undergo a phase transition from
liquid to solid, when the Coulomb energy exceeds the thermal energy of the ions by a factor of
about 171. The phase transition releases latent heat which contributes as a new source of thermal
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energy that introduces a delay in the cooling of the WD. Its contribution to the total luminosity is
between ∼5 and 10%. Sedimentation of heavy ions upon crystallization, with subsequent release
of gravitational binding energy, represents another major source of energy for cool WDs. Minor
species are the main source of uncertainty since, for example, neon can introduce a delay in the
range of 0.5 − 9 Gyr (Isern et al. 1991), while iron can introduce an additional delay of 1 Gyr.
• Debye cooling takes over as quantum effects become important after crystallization. During this
stage, the thermal content of the WD is progressively depleted as central temperature drops. After
most of the star solidifies, the cooling curve begins to decline again, more steeply than before.
The crystal lattice causes coherent vibrations and this actually promotes further energy loss. This
is known as Debye cooling. The internal thermal content has been depleted and subsequent con-
traction of the outer envelope contributes up to 30 percent of the luminosity output.
In the case of low-mass helium-core WDs, the mass of the hydrogen envelope plays an extremely
important role in their cooling evolution, such that, the WDs that enter on the cooling track with a thick
hydrogen envelope will cool much slower than those with a thin hydrogen envelope due to the residual
burning of hydrogen. Therefore, the determination of the hydrogen envelope mass at the beginning of
the cooling track for such objects is very important for an accurate determination of their age.
Detailed reviews of recent developments in the WD field can be found in Koester (2002); Hansen &
Liebert (2003); Fontaine et al. (2001); Althaus et al. (2010); Kilic (2011), while an introduction to the
basic theory of WD cooling can be found in D’Antona & Mazzitelli (1990).
1.4 Neutron stars
Unlike WDs, neutron stars (NSs) are born in a more violent fashion, as a result of a supernova explosion
that occurs in the last few moments in the evolution of massive stars (M& 8.0 M). When all the nuclear
fuel in the core of the massive star has been exhausted, the remaining iron core must be supported by
degeneracy pressure alone. If the core mass exceeds the Chandrasekhar limit of about 1.4 M, the
electron degenerate pressure cannot counteract the gravity anymore. The core thus becomes unstable
and collapses.
Because of the extreme conditions available now in the core, i.e T ∼ 109 − 1010 K, a process of photo-
disintegration starts, in which the energetic photons destroy the iron nuclei into helium nuclei. The
helium nuclei will further disintegrate into single protons and neutrons, thus reversing the result of the
nuclear burning which have been taking place in the core of the star during its lifetime. The photo-
disintegration is an endothermic process, which contributes to a faster contraction of the core. The
newly formed protons mutate into neutrons by an inverse β-decay process e− + p → n + νe, which is
also an endothermic process. This phase is called neutronization, because its effect is to destroy protons
and electrons and create neutrons. The core collapses until the neutron degeneracy pressure is high
enough to stop the collapse. During this quick implosion of the star, the core converts into a hot neutron
sphere. The envelope of the massive star moves in free fall to the center and is reflected there because
of the repulsive strong interaction force of supra-nuclear dense matter. As a result, an outward shock
is launched from the surface region of the proto-neutron star. A stream of neutrinos helps to boost the
unbound matter off in a powerful explosion. Immediately after the supernova event, the temperature of
the newborn neutron star is about 1012 K.
Neutron stars are some of the most extreme objects in the Universe. They are about 20 km in diameter
and have a mass of about 1-2 times that of the Sun. Moreover, they posses magnetic fields millions of
times stronger than the strongest magnetic field produced on Earth.
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Figure 1.5: The internal structure of a neutron
star. Credit: Alessandro Patruno.
Because NSs retain the angular momentum of the original larger core of their progenitor star, they
usually rotate very fast – up to several hundred times per second for a newly born NS.
The structure of a NS is not yet fully understood. A simplified picture is shown in figure 1.5 where one
can distinguish several regions:
• the atmosphere is thin (∼ a few cm thick) and consists of very hot plasma, on top of an iron
envelope. The density here is ρ . 106 g cm−3.
• the outer crust in only about 200 m thick and consists of a solid lattice (or a dense liquid at early
stages) of heavy nuclei. The dominant pressure in this region is from electron degeneracy. The
density is not high enough here to favor neutronization.
• the inner crust is from 0.5 to 1 km thick. The pressure is higher and the lattice of heavy nuclei is
now permeated by free neutrons that begin to drip out of the nuclei when ρ ∼ 4 × 1011 g cm−3.
The pressure is still mostly from degenerate electrons.
• the outer core is composed primarily of superfluid neutrons and the neutrons supply most of the
pressure through neutron degeneracy. Free superconducting protons are present too. This region
of mainly neutrons is what gives the neutron star its name.
• the structure of the inner core is less certain than that of the outer layers of the NS because the
equation-of-state for matter under super-dense conditions is not well understood.
A NS is an excellent object to test the physics of dense matter. Especially in the cores of the NSs,
many exotic particles are expected to be formed, but the information from the central parts of the neutron
star is hidden in the macroscopic properties such as neutron star masses and radii.
Masses of NSs at birth are tuned by the complex details of the astrophysical processes that drive core
collapse and supernova explosions (Timmes et al. 1996). The maximum possible mass of a NS has
attracted particular attention because it draws the boundary for the low-mass limit of stellar mass black
holes (Rhoades & Ruffini 1974; Fryer & Kalogera 2001).
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Figure 1.6: The pulsar lighthouse model. The rotating neutron star emits a beam of radio waves from above the
polar regions. A periodic signal is intercepted on Earth revealing the spin period of the pulsar. Figure from Tauris
(2015).
1.5 Pulsars
Although NSs were theoretically predicted in 1933 (Baade & Zwicky 1934b,a), it was not until 1968
that the serendipitous discovery of radio pulsars (Hewish et al. 1968) pointed to rapidly rotating neut-
ron stars as their most likely explanation. Since then, the number of known pulsars in the disk of our
Galaxy increased to be more than 2600, with many applications in astrophysics. Some of these applic-
ations include the first indirect observational evidence for gravitational waves in the first binary pulsar
discovered (Hulse & Taylor 1975), for which the Nobel price was awarded in 1993, the first observed
extra-solar planetary system (Wolszczan & Frail 1992) or the first detection of gas in a globular cluster
(Freire et al. 2001). Using pulsar timing arrays, one interesting application of pulsars is their use as a
cosmic global positioning system that is capable of detecting the effects of passing gravitational waves
(e.g. Hobbs et al. 2010).
Pulsars, rapidly rotating, highly magnetized neutron stars, are concentrated in the Galactic plane in star-
forming regions though they have a large spread in their distribution perpendicular to the disk caused by
their high velocities resulting from the supernova explosions.
Figure 1.6 shows a simplified model of the beamed emission of a pulsar known as the light house
model. The physics underlying the pulsar emission mechanism is very complicated and not yet fully
understood. As the neutron star spins, charged particles are accelerated along magnetic field lines. Via
a cascade of pair creation processes, the accelerated particles eventually emit coherent electromagnetic
radiation through curvature radiation, in most cases detected at radio frequencies. Usually one pulse per
rotation is observed as the rotating emission crosses the observer’s line of sight. The timing and pulse
stability of some pulsars rivals terrestrial atomic clocks.
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Figure 1.7: All currently known pulsars with measured P and P˙. Data from the ATFN Pulsar Catalogue - April
2014. Lines of constant characteristic age and constant B-field are marked (figure from Tauris et al. (2015))
Most neutron stars have been discovered as radio pulsars but the vast majority of the energy emitted is
as magnetic dipole radiation, rather than radio waves. In addition, very high-energy photons such as X-
rays and γ-rays are emitted. Typically only about 10−6 of their radiated energy is in the radio-frequency
spectrum.
The rotating neutron star model predicts a gradual slowdown and consequently an increase in the pulse
period as the outgoing radiation carries away rotational kinetic energy.
1.5.1 Pulsar demography
Figure 1.7 shows all the radio pulsars known with measured values for spin period, P and its time
derivative P˙. This type of diagram is essential in understanding the formation and evolution of different
observed types of pulsars. The different values of P of P˙ imply fundamentally different magnetic fields
strengths and ages. Assuming a pulsar can be described as a rotating magnetic dipole, one can show
that the surface magnetic field strength is given by B ∝ (PP˙)1/2 and a characteristic age can be defined
as τc = P/(2P˙). Three main populations of pulsars can be distinguished:
• classic radio pulsars (red dots) are concentrated in the region of the diagram with P ' 0.2 − 2 s
and P˙ ' 10−16 − 10−13 s s−1. They have magnetic fields of the order B' 1010 − 1013 G and a
lifetime as a radio source of a few 107 yr.
• millisecond pulsars (MSPs) represent a growing fraction of the discovered pulsars, around 10% of
the pulsar population. With spin periods of 1.4 ms. P . 30 ms and P˙ . 10−19 s s−1 and relatively
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small magnetic field strengths, they represent the oldest population of neutron stars. The binary
pulsars plotted in blue circles overlap with the millisecond pulsars, clearly indicating a connection
between the two populations. As we will see, they have a different formation scenario from the
normal pulsars.
• magnetars are found in the upper corner of the diagram and are characterized, as the name
suggests, by huge magnetic fields even for pulsars standards. They are very young objects
and currently 28 of them are known. They can occasionally have outbursts of X-rays and soft
gamma−rays believed to originate from the decay of an intense internal magnetic field which
causes stresses and fractures of the stellar crust (Thompson & Duncan 1995).
Millisecond pulsars are thought to be born in the region of the PP˙-diagram populated by the normal
pulsars. After 10−100 Myr, the radio emission becomes so faint that is not detectable anymore and the
pulsar now moves into a region of the diagram called "the graveyard", where no, or very few, pulsars
are observed. But luckily some of these pulsars are part of a binary system. At some point, they will
start feeding on their companions and, due to the accretion of matter and angular momentum they will
be "born again" (recycled) as a MSP.
1.5.2 The population of binary millisecond pulsars
It is believed that all MSPs must form in binary systems, although isolated MSPs have been found. One
idea is that the companions of the (later isolated) MSPs are ablated away by energetic particles and γ-
rays produced by the pulsar wind. This idea was inspired by the discovery of the original black widow
pulsar B1957+20 (Fruchter et al. 1988), an eclipsing 1.6 ms pulsar in a 9.1 hr orbit around a very low
mass companion, ∼ 0.02 M.
Shortly after the discovery of the first MSP, B1937+21, Alpar et al. (1982) proposed that radio MSPs
are the end product of the accretion process we see today in X-ray binaries. Accreting X-ray binaries
were discovered in the 1970’s (Giacconi et al. 1971) and are among the most luminous objects in the
X-ray sky. In X-ray binaries, matter is accreted from a donor star onto a compact object (white dwarf,
neutron star or black hole). X-ray emission originates as a result of the conversion of the gravitational
binding energy of the accreted mater into kinetic energy. In this type of binary systems, the neutron star
is spun-up to a high spin frequency via accretion of mass and angular momentum once the secondary star
evolves (Alpar et al. 1982; Radhakrishnan & Srinivasan 1982; Bhattacharya & van den Heuvel 1991).
During this recycling phase the system is observable as an X-ray binary (e.g. Nagase 1989; Bildsten
et al. 1997) and towards the end of this phase as an X-ray millisecond pulsar (Wijnands & van der Klis
1998; Archibald et al. 2009). Although this scenario is now commonly accepted, there are many aspects
that are not yet fully understood such as the mass-transfer process and the accretion physics.
All MSPs possess a low surface magnetic flux density B of the order of 108 G, about 3−5 orders of
magnitude less than the B-fields of the ordinary, non-recycled pulsars. Therefore, the recycled pulsars do
not suffer as much from loss of rotational energy due to emission of magnetic dipole radiation. Hence,
MSPs have small period derivatives P˙ < 10−18 s/s and are capable to maintain the production of radio
waves for billion of years.
Depending on the nature of the companion star, recycled pulsars are believed to form from low-
mass X-ray binaries (LMXBs), where the donor is a low-mass star, intermediate-mass X-ray binaries
(IMXBs), where the donor is a intermediate-mass star with a mass typically between 3−6 M or high-
mass X-ray binaries (HMXBs), where the donor is a high-mass star & 8 M (Tauris & van den Heuvel
2006; Tauris 2011; Tauris et al. 2012). The total population of known X-ray binaries in our Galaxy
exceeds over 300 sources (Liu et al. 2007; Chaty 2013).
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Figure 1.8: Distribution of ∼180 binary radio pulsars with measured values in the P − P˙ diagram (Tauris et al.
2012). The symbols indicate the nature of the companion star. Data taken from the ATNF Pulsar Catalogue
(Manchester et al. 2005) in December 2015.
For each of these classes of X-ray binaries, the evolutionary status of the donor star, or equivalently
the orbital period at the onset of the Roche-lobe overflow, is the determining factor for the outcome of
the mass-transfer phase and thus the nature of the MSP formed (Tauris 2011). The discovery of several
X-ray pulsars with millisecond periods in LMXBs and of IGR J18245-2452, an LMXB with a rotation
period of 3.9 ms that alternates between a rotation-powered radio source and an accretion-powered
X-ray source (Papitto et al. 2013), have provided strong evidence in support of the recycling scenario.
To understand the formation scenario of MSPs, one needs to analyze the properties of the observed
companions of such systems and reconstruct the initial conditions of their progenitors. Binary pulsars
in globular clusters are in general not suitable as tracers of their stellar evolution history because of the
frequent encounters and exchanges of companion stars in the dense environments (Ransom et al. 2005).
Figure 1.8 shows the location of the radio binary pulsars in the P − P˙ diagram with various symbols
denoting the type of companion star. The lower left corner of the diagram is populated with the so-called
fully recycled MSPs, with spin periods P < 10 ms. The majority of them have He WDs companions, but
some systems harbour ultra-light semi-degenerate companions in the so called black widow systems as
well as more massive CO white dwarfs. The mildly recycled MSPs, 10 ms < P < 100 ms are dominated
by CO (and ONeMg) WDs and NS companions.
In general, binary systems with WD companions have essentially circular orbits: 10−7 . e .0.01.
Binary pulsars with NS or main-sequence companions tend to have more eccentric orbits, 0.10. e .0.9
(Phinney 1992; Tauris et al. 2011).
An important diagram in understanding the various progenitors of MSPs is shown in figure 1.9, where
one plots the binary orbital period as a function of the companion mass. A review discussing the
characteristics and the formation classes of all MSPs can be found in Tauris (2011).
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Figure 1.9: Distribution of ∼180 binary radio pulsars with measured values in the companion mass-orbital period
plane. The symbols indicate the nature of the companion star. Also shown are the types of progenitor binaries.
Data taken from the ATNF Pulsar Catalogue (Manchester et al. 2005) in December 2015. See also Tauris (2011).
1.6 This thesis
In this thesis, we investigate two main problems: (i) the formation and evolution of MSPs in compact
orbits with low-mass helium WD companions descending from LMXBs, see Chapter 2 and (ii) the
thermal properties of the donor star in an LMXB system from the end of the mass transfer phase to the
WD cooling track, as function of mass, metallicity and different input physics, see Chapter 3 and 4.
1.6.1 Millisecond pulsars in very compact orbits
Figure 1.10 shows schematically an evolutionary sequence leading the formation of an MSP in a very
compact orbit. In a binary with a massive star and a low-mass companion, mass transfer will become
dynamically unstable leading to a common-envelope phase. After the common envelope, a naked helium
star will be left behind that will eventually explode in a supernova event giving birth to a NS. If the
supernova explosion did not disrupt the binary, a NS will be orbiting the low-mass star. The evolutionary
phases until the formation of the NS are very fast compared to the further evolution (cf. Section 1.4).
The further evolution of the newly formed NS and the low-mass main sequence star depends very much
on the orbital separation, which in turn dictates on which timescale the subsequent mass transfer will
proceed, a nuclear timescale or a timescale defined by the loss of orbital angular momentum. If the
orbital separation is small, the loss of orbital angular momentum will bring the stars closer together
until the low-mass star fills its Roche-lobe and material is being transferred to the neutron star.
At the onset of the mass transfer phase, the donor star may be at the end of the main sequence or it just
started hydrogen burning in a shell. In wider systems, the star will expand until it fills its Roche-lobe on
the red-giant branch. If the orbital separation is very large (several years), the low-mass star basically
evolves as a single star.
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Figure 1.10: The evolution of a binary system which will lead to a LMXB and finally to the formation of a
MSP with a WD companion. The evolution is governed by the specific orbital angular momentum treatment, the
common envelope and spiral-in phase, the asymmetric supernova explosion and the stellar evolution of the helium
star. The parameter shown on the right are rough predictions for the formation of PSR 1855+09. Cartoon adapted
from Tauris & van den Heuvel (2006).
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For binaries with low-mass stars, there are several mechanisms responsible for the removal of the or-
bital angular momentum: gravitational wave radiation, mass transfer and magnetic braking by a stellar
wind, cf. Chapter 2. The low-mass donor is assumed to posses a magnetic stellar wind, similar to a solar
wind which is forced to corotate to large distances. In this way, the wind removes angular momentum
from the star by exerting a torque with a long lever arm. In a close binary system, the donor is assumed
to be tidally locked and synchronously rotate with the orbital motion, and thus removal of spin orbital
momentum from the star removes angular momentum from the orbit. This effect of a magnetic stellar
wind was observed in low-mass stars by Skumanich (1972) which showed that low-mass main sequence
stars are rotating slower with time, Ω ∝ t− 12 . The treatment of the loss of orbital angular momentum by
magnetic braking of such stars in a binary is one of the biggest uncertainties in the evolution of low-mass
X-ray binaries, cf. Chapter 2 .
It has been shown by Pylyser & Savonije (1988) that a critical initial orbital period exists at the onset
of the Roche-lobe overflow, the so called bifurcation period, Pbif . This bifurcation period separates
the formation of converging LMXBs, those with final orbital period smaller than initial orbital from
diverging LMXBs, which have a final orbital period much larger than the initial one. The theoretical
estimated value of Pbif is ∼ 1 day, but it strongly depends on the treatment of tidal interactions and
the assumed strength of magnetic braking which drains the system of orbital angular momentum (e.g.
van der Sluys et al. 2005a; Ma & Li 2009). This distinction regarding the orbital period evolution is
important as it determines the nature of the MSP companion. In converging systems, the remnant of
the low-mass star will be a sub-stellar dwarf object which eventually might be completely destroyed
leaving behind an isolated MSP. The diverging systems will produce He WDs with masses dependent
on the final orbital separation.
Chapter 2 is focused on the the formation scenario of MSPs in very tight orbits with extremely low-
mass He white dwarfs, M . 0.2 M (those populating the lower left corner of the diagram in figure 1.9)
assuming different strengths of the magnetic braking law.
1.6.2 Formation and evolution of extremely low-mass helium white dwarfs
Extremely low-mass helium white dwarf (ELM WD) is a term recently used in the literature to denote
a WD with surface gravity 5 < log g < 7 and effective temperature 8, 000 K . Teff . 22, 000 K. This
definition is based on the fact that WDs with these characteristics are nearly absent in major spectro-
scopic WD catalogues (Brown et al. 2016). From a theoretical point of view, such objects are low-mass
helium-core WDs with masses below roughly 0.3 M. They are most likely the result of binary interac-
tions (Marsh et al. 1995a), as the remnant of a single star evolution will be much older than the current
age of the Universe, unless they are formed in very high metallicity environment (Kilic et al. 2007).
After the mass-transfer process ends, the remnant of the donor star will go through a proto-WD phase in
which hydrogen burning continues in a shell surrounding the helium core. Depending on the included
physics and metallicity, there is a certain range of WDs masses for which the residual hydrogen burning
in the envelope is unstable, giving rise to the so-called hydrogen shell flashes. The occurrence of these
hydrogen shell flashes greatly reduces the hydrogen envelope mass such that, once on the cooling track,
these objects will have an accelerated cooling compared to the proto-WDs which experienced stable
hydrogen burning. However, many details of this proto-WD phase are unclear and these are investigated
in Chapters 3 and 4. An extended review of ELM WDs is given by Heber (2016).
In the last several years, the number of discovered ELM WDs increased drastically due to the ELM
survey (Brown et al. 2010; Kilic et al. 2011; Brown et al. 2012; Kilic et al. 2012; Brown et al. 2013;
Gianninas et al. 2015; Brown et al. 2016). The ELM survey is a dedicated survey of finding ELM WDs
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through broadband color selection from the SDSS database. Once such candidates are found, they are
confirmed through follow-up spectroscopy observations, as the hydrogen lines provide a sensitive meas-
ure of surface gravity in this effective temperature range (Brown et al. 2016).
The population of companions found orbiting an ELM WD is a rather diverse one. The majority of com-
panions are CO WDs, but ELM WDs have also been found in systems with MSPs (e.g. van Kerkwijk
et al. 1996; Kaplan et al. 2013; Antoniadis et al. 2013), sdB stars as well as main-sequence stars, the so
called EL CVn systems (e.g. Maxted et al. 2014b). Moreover, they are found in different environments,
from the Galactic plane to globular and open clusters, implying that the metallicity of their progenitors
spans a wide range.
Brown et al. (2016) showed that the sample of ELM WDs discovered by the ELM survey 9 has a log-
normal distribution of orbital periods with a median period of 5.4 hr and that the binary companions
have a normal distribution of masses with a median of 0.76 M and a dispersion of 0.25 M. This
indicates that 95% of the ELM WD systems have a total mass below the Chandrasekhar mass and most
likely their evolution does not lead to a Type Ia supernova. As half of these systems will merge within
6 Gyr due to gravitational wave radiation, the probable outcome includes single massive white dwarfs
and AM CVn binaries.
Due to their compact orbits, some of the ELM WDs are strong gravitational wave emitters. The most
interesting system is the P=765 s detached eclipsing WD binary J0651, which is a gravitational wave
source 10,000 times stronger than the Hulse-Taylor pulsar (Brown et al. 2011; Hermes et al. 2012a).
Six of the observed ELM WDs show multiperiodic light variations with periodicities between 1300 s to
7000 s, associated with g-mode pulsations (Hermes et al. 2012c, 2013c,a). Detailed theoretical studies
(Steinfadt et al. 2010a; Córsico et al. 2012; Van Grootel et al. 2013a; Córsico & Althaus 2014a) showed
that these ELM WD pulsators extend the ZZ Ceti instability strip to lower effective temperatures and
higher luminosities. The discovery of these pulsators is important because they provide new constraints
(especially for the hydrogen envelope mass on the cooling track) for theoretical models of ELM WDs.
One puzzling question regarding the evolution of ELM WDs is the observed presence of metals in their
spectra (Gianninas et al. 2014a). In these type of objects, surface gravity is strong enough such that the
gravitational settling will produce pure hydrogen envelopes. The observed metals therefore suggest that
another process acts on the surface layers of these objects, counteracting the settling of elements heavier
than hydrogen. Another piece of evidence of such a process acting against the gravitational settling in
ELM proto-WDs is the recent discovery of three ELM proto-WDs pulsators (Gianninas et al. 2016),
which is the first empirical evidence that pulsations in ELM proto-WDs can only occur if these objects
have a mixed H/He atmosphere. The current available theoretical models predict that ELM proto-WDs
have pure hydrogen atmospheres, in contradiction with the recent observational data. In Chapter 4 we
present new evolutionary models in which we take into account, for the first time, the effect of rotational
mixing on the evolution of proto-WDs, in an effort of reconciling the observational data with theoretical
models.
9 currently containing 76 ELM-WDs
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Abstract Millisecond pulsars (MSPs) are generally believed to be old neutron stars (NSs) that have
been spun up to high rotation rates via accretion of matter from a companion star in a low-mass X-ray
binary (LMXB). This scenario has been strongly supported by various pieces of observational evidence.
However, many details of this recycling scenario remain to be understood. Here we investigate binary
evolution in close LMXBs to study the formation of radio MSPs with low-mass helium white dwarf
companions (He WDs) in tight binaries with orbital periods Porb ' 2−9 hr. In particular, we examine i)
if the observed systems can be reproduced by theoretical modelling using standard prescriptions of or-
bital angular momentum losses (i.e. with respect to the nature and the strength of magnetic braking), ii)
if our computations of the Roche-lobe detachments can match the observed orbital periods, and iii) if the
correlation between WD mass and orbital period (MWD, Porb) is valid for systems with Porb < 2 days.
Numerical calculations with 5 detailed stellar evolution code were used to trace the mass-transfer phase
in ∼400 close LMXB systems with different initial values of donor star mass, NS mass, orbital period,
and the so-called γ-index of magnetic braking. Subsequently, we followed the orbital and the interior
evolution of the detached low-mass (proto) He WDs, including stages with residual shell hydrogen
burning. We find that severe fine-tuning is necessary to reproduce the observed MSPs in tight binaries
with He WD companions of mass < 0.20 M, which suggests that something needs to be modified
or is missing in the standard input physics of LMXB modelling. Results from previous independent
studies support this conclusion. We demonstrate that the theoretically calculated (MWD, Porb)–relation
is in general also valid for systems with Porb < 2 days, although with a large scatter in He WD masses
between 0.15 − 0.20 M. The results of the thermal evolution of the (proto) He WDs are reported in a
follow-up paper (Paper II).
2.1 Introduction
Millisecond pulsars (MSPs) belong to a class of radio pulsars characterized with high rotational spin
rates and low magnetic fields. Most of them are observed in binary systems and it is thought that
they spin rapidly because of mass accretion from a companion star in a process known as recycling
(Bhattacharya & van den Heuvel 1991; Tauris & van den Heuvel 2006). The first MSP was discovered
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in 1982 (Alpar et al. 1982) and today 171 fully recycled MSPs1 are known in our Galaxy, of which 60
are found inside globular clusters and 111 are in the Galactic field. The orbital periods of binary MSP
systems in the Galactic field range from Porb = 93 min to 175 days, while the companion masses can
be as low as 0.02 M⊕ (tiny planets) or as high as ≈ 1.3 M (massive white dwarfs).
MSPs in binaries can be subdivided into several classes according to the nature of their companion
which can be either a degenerate or a non-degenerate object. Degenerate companions include helium
white dwarfs (He WDs) and carbon-oxygen white dwarfs (CO WDs), while the non-degenerate (or semi-
degenerate) ones are often low-mass dwarf stars (or brown-dwarf like remnants) which have suffered
from significant mass loss and ablation from the pulsar wind (cf. the so-called black widow and redback
systems in Roberts 2013 and Chen et al. 2013. The progenitors of most MSP systems are low-mass
X-ray binaries (LMXBs), except for the MSPs with the more massive CO/ONeMg WDs which are
produced from intermediate-mass X-ray binaries (IMXBs) – see Tauris (2011) for a review. Pulsars
with another neutron star (NS) companion are produced in high-mass X-ray binaries. Most NSs in
all flavours of binary pulsar systems are produced via supernovae (SNe) of Type Ib/c, given that their
progenitors must have lost their hydrogen-rich envelopes via mass transfer in a relatively close orbit
prior to the explosion.
It has been shown by Pylyser & Savonije (1988, 1989) that a critical initial orbital period (the so-called
bifurcation period, Pbif) exists at the onset of Roche-lobe overflow (RLO), separating the formation of
converging LMXBs from diverging LMXBs, which shorten and widen their orbits, respectively. The
theoretical estimated value of PRLObif is ∼1 day, but depends strongly on the treatment of tidal interactions
and the assumed strength of magnetic braking which drains the system of orbital angular momentum
(e.g. van der Sluys et al. 2005a; Ma & Li 2009). The observed MSPs with Porb > 1 day originate from
relatively wide orbit LMXBs where the donor star did not fill its Roche lobe until it had evolved and
expanded to become a (sub)giant, i.e. Case B RLO (e.g. Rappaport et al. 1995; Tauris & Savonije 1999;
Podsiadlowski et al. 2002).
In this work, we concentrate on investigating the evolutionary path of MSPs with He WD companions
in very narrow orbits. There are four such systems known which have orbital periods, Porb < 9 hr and
WD masses of 0.13 < MWD/M . 0.21. Having low-mass companions and Porb < 1 day, these
systems thus descend from LMXBs in tight orbits where the donor star already initiated RLO while it
was still on the main sequence (Case A RLO). As a result of their compact nature, these systems emit
gravitational wave radiation and eventually evolve to become primary candidates for strong gravitational
wave sources to be detected by eLISA in the mHz frequency range (Nelemans 2009). In Section 3.4 we
list the detailed observational properties of the investigated systems. Our binary stellar evolution code
is introduced in Section 2.3, and the results of the numerical calculations for the LMXBs systems are
presented in Section 2.4. In Section 2.5 we discuss our findings with an emphasis on magnetic braking
and the (MWD, Porb)–relation. Our conclusions are given in Section 5. In Paper II (Istrate et al. 2014b)
we explore the early evolution of the detached (proto) He WDs.
2.2 Observational properties of MSPs with He WDs in tight orbits
The observed properties of the binary MSPs on which we focus our attention here are described below
(see also Table 2.1).
PSR J0348+0432 is an interesting recycled pulsar with a relatively slow spin period, P = 39.1 ms in
a binary system with an orbital period of Porb = 2.46 hr. Recently, Antoniadis et al. (2013) found that
1 According to the ATNF Pulsar Catalogue (Manchester et al. 2005), version 1.50 (June 2014). Here we define MSPs as
pulsars with a spin period, P < 20 ms. The typical measured value of the associated period-derivative is P˙ < 10−18.
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Table 2.1: Observed MSPs with He WD companions in tight circular orbits. The top four systems have Porb < 9 hr (i.e. solutions) and are found in the Galactic
field. The bottom six systems are intermediate systems with Porb = 9 − 15 hr, of which five systems are located in globular clusters.
Pulsar name Porb MWD MNS eccentricity Pspin P˙ WD age Optical data
(hr) (M) (M) (ms) (s s−1) (Gyr) reference
PSR J0348+0432 2.46 0.17 2.01 2.6 × 10−6 39.1 2.41 × 10−19 2.1 ± 0.5 Antoniadis et al. (2013)
PSR J0751+1807 6.31 0.14 1.34 7.1 × 10−7 3.48 7.79 × 10−21 – Lundgren et al. (1995)
PSR J1738+0333 8.52 0.18 1.47 4.0 × 10−6 5.85 2.41 × 10−19 – Antoniadis et al. (2012)
PSR J1816+4510 8.66 0.21a 2.0a 8 × 10−6 3.19 4.31 × 10−20 – Kaplan et al. (2013)
PSR J0024−7204U 10.3 0.15b 1.5b < 10−4 4.34 – 0.6 Edmonds et al. (2001)
PSR J1748−2446M 10.6 0.17b 1.5b < 10−4 3.57 – –
PSR J1748−2446V 12.1 0.15b 1.5b < 10−4 2.07 – –
PSR J0024−7204Y 12.5 0.17b 1.5b < 10−4 2.20 – –
PSR J1641+3627D 14.2 0.22b 1.5b < 10−4 3.12 – –
PSR J1012+5307 14.5 0.16 1.64 < 8.4 × 10−7 5.26 1.71 × 10−20 – Callanan et al. (1998)
a This value is very uncertain. Kaplan et al. (2013) find MWD sin3 i = 0.193 ± 0.012 M and MNS sin3 i = 1.84 ± 0.11 M, where i is the unknown
orbital inclination angle. Assuming MNS ≤ 2.0 M yields MWD ≤ 0.21 M. From pulsar timing (Stovall et al. 2014) a strict lower limit on the
minimum companion mass is MWD = 0.16 M (assuming i = 90◦ and MNS = 1.4 M).
b For these systems we estimated MWD by assuming MNS = 1.5 M and an orbital inclination angle of 60◦.
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this pulsar is the most massive, precisely measured NS known with a mass of MNS = 2.01 ± 0.04 M,
in orbit with a He WD companion of mass MWD = 0.172± 0.003 M. The estimated cooling age of the
WD is about τcool ∼ 2 Gyr. (In an upcoming paper, Paper III, we present our analysis for the formation
of this system.)
PSR J0751+1807 is an MSP with P = 3.48 ms in a binary system with a He WD companion and
Porb = 6.31 hr. Nice et al. (2008) estimated the masses of the pulsar and its companion to be MNS =
1.26±0.14 M and MWD ' 0.15 M, respectively. Optical and near-IR spectroscopy of the WD reveals
that it has a very low (ultra-cool) effective temperature Teff ' 3500 − 4300 K (Bassa et al. 2006b). The
cooling age of the WD is not well determined since it depends critically on residual nuclear burning
in its (presumably) thick hydrogen-rich envelope. In addition, although there are no signs of pulsar
irradiation, heating from the pulsar cannot be excluded.
PSR J1738+0333 is another one of the handful of MSPs which have a He WD companion bright
enough to make spectroscopic observations (Antoniadis et al. 2012). This system also has a very short
orbital period (8.51 hr) making it a perfect laboratory for testing theories of gravity (Freire et al. 2012).
The mass of the companion is MWD = 0.181 ± 0.006 M and the NS mass is constrained to be MNS =
1.47 ± 0.07 M.
PSR J1816+4510 is an intriguing case. It is an eclipsing MSP recently discovered by Stovall et al.
(2014) who performed a radio search of a Fermi γ-ray point source. The companion star to PSR J1816+4510
(Porb = 8.7 hr) was detected by Kaplan et al. (2012, 2013) who measured an effective temperature of
Teff = 16 000 ± 500 K and estimated a companion mass of MWD sin3 i = 0.193 ± 0.012 M, where i
is the orbital inclination angle of the binary. Despite of its low surface gravity (log g = 4.9 ± 0.3) they
concluded that its spectrum is rather similar to that of a low-mass He WD. For the mass of the NS they
estimated MNS sin3 i = 1.84 ± 0.11 M. Assuming that MNS ≤ 2.0 M (i.e. less than the highest pre-
cisely measured NS mass known to date) this yields MWD ≤ 0.21 M. As we discuss in Section 2.4.5,
however, based solely on its Porb, combined with modelling of the orbital period evolution of LMXBs,
we would even expect MWD . 0.18 M. (See also Paper II for further discussions on the nature of this
companion star.)
In addition to these four systems, there are a number of MSPs with low-mass He WD companions
and slightly larger Porb = 9 − 15 hr. Five of these MSPs are found in globular clusters. Usually, binary
MSPs observed in dense environments like globular clusters are excluded from comparison to theoretical
modelling of binaries because of the possibility that the observed MSP companion was exchanged via
an encounter event. However, there are some MSPs found in globular clusters which have very small
eccentricities (e < 10−4, Paulo Freire, priv. comm.). This we take as good evidence that the present
He WD companion is indeed the one which was the former donor star in the LMXB phase, and thus
responsible for recycling the MSP. Therefore, we include these five MSPs in Table 2.1 as well.
Finally, we note that a number of low-mass He WDs (≤ 0.20 M) with Porb < 15 hr are also
found in double WD systems (e.g. Kaplan et al. 2014a, and references therein). These WDs often
have a massive CO WD companion and evolved via stable RLO in cataclysmic variable (CV) systems.
Although the structure and the properties of these low-mass He WDs are similar to the ones with radio
pulsar companions, we restrict ourselves to the latter sources in this work (see, however, Paper II for
further discussions of these systems).
To summarize, the systems described above all have similar properties: their Porb is very short (in the
range of 2 − 15 hr), and the He WD companions have typical masses of 0.14 − 0.18 M. Given these
characteristics, in this work we explore their formation paths (with a special focus on the systems with
Porb < 9 hr) and discuss the underlying physical assumptions of the applied standard modelling for loss
of orbital angular momentum via magnetic braking.
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2.3 Numerical methods and physical assumptions
We consider as a starting point binary systems which consist of a NS orbiting a low-mass main-sequence
star. Such systems are expected to have formed from zero-age main sequence (ZAMS) binaries with
a massive (∼ 10 − 25 M) primary star and a low-mass (∼ 1 − 2 M) companion in a relatively close
orbit, and which subsequently survived a common-envelope phase, followed by a supernova explosion
(Bhattacharya & van den Heuvel 1991; Tauris & van den Heuvel 2006). Numerical calculations with a
detailed stellar evolution code were then used in this study to trace the mass-transfer phase in roughly
400 close LMXB systems with different initial values of donor star mass, NS mass, orbital period and
the so-called γ-index of magnetic braking. Subsequently, we followed the evolution of the low-mass
(proto) He WD, including stages with residual hydrogen shell burning.
We used the BEC-code which is a binary stellar evolution code originally developed by Braun (1997)
on the basis of a single-star code (Langer 1998, and references therein). It is a one-dimensional implicit
Lagrangian code which solves the hydrodynamic form of the stellar structure and evolution equations
(Kippenhahn & Weigert 1990). The evolution of the donor star, the mass-transfer rate, and the orbital
separation are computed simultaneously through an implicit coupling scheme (see also Wellstein &
Langer 1999) using the Roche-approximation in the formulation of Eggleton (1983). To compute the
mass-transfer rate, the code uses the prescription of Ritter (1988). It employs the radiative opacities of
Iglesias & Rogers (1996), which are interpolated in tables as a function of density, temperature, and
chemical element mass fractions, including carbon and oxygen. For the electron conduction opacity, the
code follows Hubbard & Lampe (1969) in the non-relativistic case, and Canuto (1970) in the relativistic
case. The stellar models are computed using extended nuclear networks including the PP I, II, and III
chains and the four CNO-cycles. Chemical mixing due to convection, semi-convection and overshooting
is treated as a diffusion process. Thermohaline mixing is also included in the code (cf. Cantiello &
Langer 2010), whereas gravitational settling and radiative levitation is not. Finally, the accreting NS is
treated as a point mass.
A slightly updated version of this code for LMXBs and IMXBs has recently been applied to study the
formation of MSPs (Tauris et al. 2011, 2012, 2013; Lazarus et al. 2014). In our models we assumed a
mixing-length parameter of α = l/Hp = 2.0 and a core convective overshooting parameter of δov = 0.10.
Tauris et al. (2013) recently tested several models of wide-orbit LMXB evolution using α = l/Hp = 1.5
which resulted in only slightly smaller final WD masses (∼1%), orbiting recycled pulsars in somewhat
closer orbits (up to ∼3% decrease in Porb). The magnetic braking was implemented as outlined below.
2.3.1 Orbital angular momentum treatment
We considered the change in orbital angular momentum,
J˙orb
Jorb
=
J˙ml
Jorb
+
J˙gwr
Jorb
+
J˙mb
Jorb
, (2.1)
with contributions from mass loss, gravitational wave radiation, and magnetic braking, respectively.
Loss of orbital angular momentum due to mass loss
We solved the orbital angular momentum balance equation (e.g. eqn. 20 in Tauris & van den Heuvel
2006) using the isotropic re-emission model (Bhattacharya & van den Heuvel 1991; van den Heuvel
1994; Tauris 1996; Soberman et al. 1997). In this model matter flows over from the donor star (M2) to
the accreting NS (MNS) in a conservative manner and thereafter a certain fraction, β of this matter is
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ejected from the vicinity of the NS with the specific orbital angular momentum of the NS. Hence, one
can express the loss of orbital angular momentum due to mass loss as
dJml =
JNS
MNS
β dM2 =
µ
M2NS
Jorb β dM2 (2.2)
or
J˙ml
Jorb
=
µ
M2NS
β M˙2 =
βq2
1 + q
M˙2
M2
, (2.3)
where µ = MNSM2/(MNS + M2) is the reduced mass, and q = M2/MNS denotes the ratio between donor
star mass and the mass of the NS accretor. Keep in mind that a fraction 1 − β of the matter lost from the
donor star is accreted onto the NS. The rate of wind mass loss from the low-mass donor star is negligible
compared to the mass-loss rate via RLO.
Loss of orbital angular momentum due to gravitational wave radiation
The second term on the right-hand side of Eq. (2.1) gives the loss of orbital angular momentum due to
gravitational wave radiation (Landau & Lifshitz 1971),
J˙gwr
Jorb
= −32 G
3
5 c5
M2MNSM
a4
, (2.4)
where G is the gravitational constant, c is the speed of light in vacuum, a is the orbital separation, and
M = MNS + M2 is the total mass of the system. The validity of this mechanism has been beautifully
demonstrated in PSR 1913+16, which is considered as an ideal gravity laboratory (e.g. Weisberg et al.
2010). For sufficiently narrow orbits the above equation becomes the dominant term in Eq. (2.1), causing
a to decrease. Gravitational wave radiation is the major force driving the mass transfer in very narrow
binaries, such as CVs (below the period gap) and ultra-compact X-ray binaries (Faulkner 1971; van
Haaften et al. 2012). Therefore, the orbits of very narrow LMXBs will tend to continuously shrink
(i.e. converging systems) until a period minimum is reached, before hydrogen burning is exhausted
and the donor star becomes fully degenerate (Paczynski & Sienkiewicz 1981; Rappaport et al. 1982;
Nelson et al. 1986; Podsiadlowski et al. 2002; Lin et al. 2011). At this point the donor star has a mass
of typically M2 ≈ 0.05 − 0.07 M and Porb ≈ 40 − 80 min. The subsequent evolution causes the
orbit to widen because of the extreme mass ratio between the small donor star mass and the accreting
NS. According to modelling of LMXBs (e.g. Benvenuto et al. 2012; Chen et al. 2013), the subsequent
ablation of the donor star from the pulsar wind leads to the production of the so-called black widow
pulsars which have companion star masses of a few 0.01 M and Porb ≈ 2− 10 hr (Fruchter et al. 1988;
Stappers et al. 1996; Roberts 2013). These systems may eventually form pulsar planets (Wolszczan &
Frail 1992) or become isolated MSPs (Backer et al. 1982).
Loss of orbital angular momentum due to magnetic braking
In synchronized binaries with low-mass stars (. 1.5 M), the loss of spin angular momentum due to a
magnetic wind occurs at the expense of the orbital angular momentum (e.g., Mestel 1968; Verbunt &
Zwaan 1981). However, a fundamental law of angular momentum loss is unknown for rapidly rotating
stars. To compute the angular momentum loss due to magnetic braking, we adopt the prescription of
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Rappaport et al. (1983),
J˙MB
Jorb
= −3.8 × 10−30 f R
4 (R2/R)
γ GM 2
a5 MNS
s−1 , (2.5)
where R2 is the radius of the donor star, f is scaling factor (of the order of unity) and γ is the mag-
netic braking index. Here, we have investigated the effect of systematically applying various values
of γ between 2 and 5. Larger values of γ seem to produce too strong magnetic braking compared to
observations of low-mass stars in open clusters (cf. Section 2.5.1 where we discuss the nature of the
magnetic braking law).
The net effect of applying the above prescription for magnetic braking is that the orbital period of
close binaries (Porb ' 2 − 5 days) typically decreases by a factor of three (depending on γ) prior to
the RLO, i.e. magnetic braking causes orbital decay and forces the donor star to fill its Roche lobe and
initiate mass transfer already on the main sequence or early into the Hertzsprung gap.
To optimize the analysis of our investigation and to enable us to better interpret the results in a
coherent manner, we have simply assumed magnetic braking to operate in all our binaries (which have
donor star masses 1.1 ≤ M2/M ≤ 1.6) at all times between the ZAMS and until the end of our
calculations.
2.3.2 Mass accretion rate and accretion efficiency
The accretion rate onto the NS is assumed to be Eddington limited and is given by
M˙NS =
(
min
[
|M˙2|, M˙Edd
])
eacc kdef , (2.6)
where eacc is the fraction of matter transferred to the NS which actually ends up being accreted and
remains on the NS, and kdef is a factor that expresses the ratio of gravitational mass to rest mass of
the accreted matter (depending on the equation-of-state of supranuclear matter, kdef ' 0.85 − 0.90; e.g.
Lattimer & Prakash 2007). The accretion efficiency of MSPs formed in LMXBs has been shown to be
about 30% in several cases (Tauris & Savonije 1999; Jacoby et al. 2005; Antoniadis et al. 2012; Tauris
& van den Heuvel 2014), even in close systems where the mass-transfer rate is expected to be sub-
Eddington (|M˙2| < M˙Edd) at all times. Hence, as a default value we assumed a NS accretion efficiency
of  = eacc kdef = 0.30. Accretion disk instabilities (e.g. van Paradijs 1996; Dubus et al. 2001; Coriat
et al. 2012), which act to decrease the accretion efficiency in LMXBs, were not considered explicitly
in this work, but are assumed to be integrated in the somewhat low accretion efficiency quoted above.
Other mechanisms for inefficient accretion include propeller effects (Illarionov & Sunyaev 1975) and
direct irradiation of the donor’s atmosphere by the pulsar (see Section 2.5.3 for further discussions). We
calculated the Eddington mass-accretion rate using
M˙Edd = 2.3 × 10−8 M yr−1
(
MNS
M
)−1/3 2
1 + X
, (2.7)
where X is the hydrogen mass fraction of the accreted material.
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2.4 Results
2.4.1 Parameters of the model grid
In this work, we created a grid of models for LMXBs consisting of different initial donor star masses
and NS masses, as well as for different values of the magnetic braking index, γ (see Fig. 2.1). For each
of these sets of parameters we tried a range of initial orbital periods, Porb in a systematic survey, yielding
a total of roughly 400 models. More specifically, we chose the initial donor mass, M2 between 1.1 and
Figure 2.1: Grid of initial parameters for the studied LMXB configurations, yielding a total of more than 400
models. The colours correspond to different donor star masses (M2), and the various symbols indicate different
values of the magnetic braking index, γ. See text for further details.
1.6 M (all with a metallicity of Z = 0.02). The lower mass limit is chosen to ensure nuclear evolution
within a Hubble time. However, we find that M2 ≥ 1.2 M is often required for the stars to evolve
through the LMXB phase and settle on the WD cooling track within a Hubble time. The upper mass
limit is imposed by the requirement of a convective envelope on the ZAMS, which is an assumption
needed to operate a magnetic wind. Although the 1.4 − 1.6 M donors are borderline cases in this
respect, we included them in our grid for comparison with previous studies in the literature. For the
NSs, we applied initial masses of MNS = 1.2− 1.9 M. The initial Porb were mainly chosen in the range
of 2 to 4 days and do not follow a uniform distribution. The reason for this is that we were interested
in obtaining systems with certain properties which turned out to be located around a specific initial Porb
which is characteristic for every studied configuration. To obtain this value we used a bracketing method
which resulted in a high density of models around that specific initial Porb. The magnetic braking index
γ was varied between 2 and 5 (but is constant for any given LMXB calculation). As mentioned in
Section 2.3.2, in most cases we used a NS accretion efficiency parameter of  = 0.3. However, for
1.5 M donors we also studied the influence of applying different values in the range  = 0.1 − 0.9.
Although this entire parameter space of variables is large, the resulting systems do show similarities in
the evolution as discussed below.
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Figure 2.2: Orbital period evolution for LMXB systems with a donor mass of 1.4 M, a NS mass of 1.3 M
and a magnetic braking index of γ = 5. The black circles represent the onset of RLO and the red stars show
the end of the mass-transfer phase. The observed MSP systems mainly investigated here, with low-mass He WD
companions and Porb = 2 − 9 hr (cf. Table 2.1), are located within the grey shaded region. The LMXB systems
experience a second RLO and evolve into ultra-compact X-ray binaries in very tight orbits.
2.4.2 Orbital evolution, mass transfer and stellar structure
The final Porb of a given LMXB is a result of the interplay between mass transfer, magnetic braking
and gravitational wave radiation. It strongly depends on the initial Porb which determines the strength
of orbital angular momentum losses and at which point in the nuclear evolution the donor star initiates
RLO.
Pylyser & Savonije (1988) classified the orbital evolution of an LMXB system with respect to the
final Porb as: (i) converging, if P finalorb < P
initial
orb , or (ii) diverging, if P
final
orb > P
initial
orb . Here, we redefine
converging systems as those tight binaries where the donor star never detaches to form a He WD. As
mentioned previously, we are interested in finding those systems that have a final Porb between 2 − 9 hr
and which have terminated their mass-transfer phase yielding a (proto) He WD remnant with a mass
< 0.20 M (cf. Table 2.1). The systems that fulfil these conditions are hereafter called solutions.
Finally, we define the intermediate systems as those systems which detach from RLO to form a He WD
with 9 hr < P finalorb < P
initial
orb .
Fig. 2.2 shows the variety in orbital period evolution for an initial configuration with M2 = 1.4 M
(Z = 0.02), MNS = 1.3 M, γ = 5 and Porb = 2.6 − 5.0 days. Highlighted with different colours are
one example for each of the aforementioned classes of the outcome of LMXB evolution: converging,
solution, intermediate and diverging. For clarity, we have omitted the markings of the temporary detach-
ment of the diverging systems caused by the encounter of a slight chemical discontinuity at the outer
boundary of the hydrogen burning shell (Tauris & Savonije 1999; D’Antona et al. 2006). The conver-
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ging systems never detach, but keep evolving towards the minimum orbital period, Pmin ≈ 10 − 85 min
(Paczynski & Sienkiewicz 1981; Rappaport et al. 1982; Fedorova & Ergma 1989; Ergma & Sarna 1996;
Podsiadlowski et al. 2002; van der Sluys et al. 2005a). As a result of numerical issues the evolution
of the converging systems was ended before reaching Pmin. At this point they have masses < 0.13 M
and yet a significant hydrogen content – even in their cores – and very small nuclear burning rates (cf.
Figs. 2.4, 2.5, and 2.11). Hence, these systems will not detach and produce a He WD within several
Hubble times (if ever).
Figure 2.3: Mass-transfer rate versus decreasing donor star mass for the four systems highlighted in Fig. 2.2. The
larger the initial Porb, the higher the mass-transfer rate and the shorter the RLO episode will be. The converging
system does not detach at all. The system resulting in a solution eventually evolves into an ultra-compact X-ray
binary (UCXB) when the He WD fills its Roche lobe.
As demonstrated in the literature (Tutukov et al. 1987; Pylyser & Savonije 1988, 1989; Ergma &
Sarna 1996; Podsiadlowski et al. 2002; van der Sluys et al. 2005a; Ma & Li 2009), an orbital bifurcation
period (Pbif) exists which separates the evolution of converging2 and diverging systems. With respect to
the initial Porb on the ZAMS we find PZAMSbif ' 4.0 days. As a result of magnetic braking the orbit shrinks
during the main-sequence evolution of the donor star prior to mass transfer. Thus the bifurcation period
at the onset of RLO is PRLObif ' 1.2 days (Fig. 2.2). If we apply other values of M2, MNS, γ or metallicity,
the qualitative picture remains intact but the value of PZAMSbif changes between ' 2.2 − 4.5 days.
Fig. 2.3 shows the RLO mass-transfer rate, |M˙2| as a function of decreasing donor mass, M2 for the
four examples highlighted in Fig. 2.2. At first sight these rates are quite similar. From a closer look,
however, it is seen that the wider systems have higher values of |M˙2| (and shorter durations of RLO), as
expected from an evolutionary point of view (e.g. Tauris & Savonije 1999). And more importantly, the
final fates of these four LMXB systems are quite different.
Changing the initial Porb between 2.6 − 4.5 days means that the systems will gradually shift from
undergoing Case A (onset of RLO on the main sequence) to early Case B RLO (onset of RLO in the
Hertzsprung-gap), as shown in Fig. 2.4. The converging systems start RLO relatively early when there is
2 Here meaning converging, solutions and intermediate systems.
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converging solution
intermediate
diverging
Figure 2.4: The Kippenhahn diagram of a converging (top left), solution (top right), intermediate (bottom left)
and diverging (bottom right) LMXB system, respectively. In all cases we used M2 = 1.4 M, MNS = 1.3 MNS,
γ = 5 and applied initial Porb = 2.6, 3.4, 3.45 and 4.2 days, respectively. These four systems are identical to
the examples highlighted in Fig. 2.2. In the converging system the donor star experiences Case A RLO; for the
solution and intermediate systems the mass transfer is either late Case A or early Case B RLO, while the diverging
systems undergo Case B RLO. The plots show cross-sections of the stars in mass-coordinates from the centre to
the surface of the star, along the y-axis, as a function of stellar age on the x-axis. For clarity, we only show the
evolution up to a stellar age of 5.35 Gyr in the first three panels. The duration of the LMXB-phase is: "∞" (no
detachment), 4.0 Gyr, 2.9 Gyr and 0.6 Gyr, respectively. The green hatched areas denote zones with convection
(according to the Schwarzschild criterion), initially in the core and later in the envelope of the donor stars. The
intensity of the blue color indicates the net energy-production rate; the hydrogen burning shell is clearly seen in
the case of the solution, intermediate and diverging systems at m/M ' 0.2.
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Figure 2.5: Helium abundance profiles of the donor stars in Fig. 2.2 at the time of RLO detachment (diverging,
intermediate and solution) or at the end of our calculations (converging).
still a significant amount of hydrogen left in the core of the donor star. In these systems, the mass transfer
is driven by a reduction in the orbital separation due to loss of orbital angular momentum (initially
caused by magnetic braking, later dominated by gravitational wave radiation). The intermediate systems
are in a transition between mass transfer driven by loss of orbital angular momentum and mass transfer
driven by nuclear evolution and expansion of the donor star (the diverging systems).
The final helium abundance profiles of the donor stars are shown in Fig. 2.5. The thickness of
the hydrogen-rich envelopes of these detached (proto) He WDs is very important for their subsequent
thermal evolution (see Paper II).
In Fig. 2.6 we plot the final Porb ("final" refers to our last calculated model) versus the initial Porb
for the same systems as in Fig. 2.2. The vertical dotted lines denote Pdetach, PUCXB, and Pbif . We
define Pdetach as the minimum initial Porb leading to a detached He WD companion, and PUCXB as the
maximum initial Porb leading to a system which becomes an ultra compact X-ray binary (UCXB) within
a Hubble time (i.e. a detached system which, as a result of gravitational wave radiation, is driven into a
very tight orbit with a second RLO from the He WD). All the systems on the left side of Pdetach are on
their way to Pmin.
The orbital period fine-tuning problem
Fig. 2.6 illustrates two important characteristics of our close-orbit LMXB modelling: (i) how sensitive
the outcome is to the initial Porb; (ii) the systems we refer to as solutions are produced within a very
narrow interval of initial Porb = 3.39 − 3.43 days which corresponds to onset of RLO near Porb ≈
19.2 − 19.4 hr. The solutions produced in this study all start inside (or slightly beyond) the narrow
interval of initial Porb between Pdetach and PUCXB. Those solutions with initial Porb > PUCXB are the
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Figure 2.6: Final Porb versus initial Porb for all binaries investigated with M2 = 1.4 M, MNS = 1.3 M and a
magnetic braking index of γ = 5 (cf. Fig. 2.2). The arrows at the bottom indicate the initial Porb of the four
highlighted systems. Circles represent solutions, i.e. systems which detached while situated inside the grey
shaded region that marks the location of the observed MSP systems with Porb = 2 − 9 hr. The values of initial
Porb for these systems are confined to an extremely narrow interval (the orbital period fine-tuning problem, cf.
Section 2.4.2). Open stars represent converging systems (which do not detach) and for which we ended our
evolutionary calculations before reaching Pmin. The vertical dotted lines denote Pdetach, PUCXB, and Pbif , see text.
systems which, after detachment, do not evolve into UCXBs within a Hubble time. The width of the
initial (ZAMS) range of Porb which allows for a solution is thus only ∼1% in Porb.
This is a puzzling result given that a fair fraction of observed MSPs are found with He WDs and
Porb = 2 − 9 hr. We shall refer to this problem as the orbital period fine-tuning problem of LMXBs and
discuss it further below, as well as in Section 2.5.2. Outside this narrow range in initial Porb, the LMXB
systems always evolve to become converging, intermediate or diverging systems.
In Fig. 2.7 we show the observed orbital period distribution of recycled pulsars with He WD com-
panions (i.e. post-LMXB systems) in the Galactic field. Out of 35 systems with Porb < 10 days, 4
systems have Porb < 9 hr. Assuming these 4 systems (resembling the solutions from our modelling) are
indeed produced from LMXBs with an initial Porb between 3.39 − 3.43 days (i.e. corresponding to the
lower ∼4% of the full interval of initial Porb, roughly between 3.4 − 4.4 days, which lead to formation
of MSPs with He WDs and final Porb < 10 days, see Fig. 2.6), we can estimate the probability for
this outcome being a chance coincidence. In that case, the other 31 systems are produced for initial
Porb = 3.43 − 4.4 days (∼96% of the interval of initial Porb producing MSPs with final Porb < 10 days).
If the pre-LMXB distribution of Porb, following the SN explosion that created the NS, is approxim-
ately flat between ∼ 3.4 − 4.4 days, then the probability for producing at least 4 out of 35 MSPs with
Porb < 9 hr is about 1:20, i.e. corresponding to not being a chance coincidence at the 95% confidence
level.
We calculated this probability analytically using the binomial cumulative distribution function.
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Figure 2.7: Distribution of orbital periods for all observed recycled pulsars (MSPs) with He WD companions in
the Galactic field. In total there are 35 systems with Porb < 10 days; four of these are the solutions (Porb < 9 hr)
marked with orange. Data from the ATNF Pulsar Catalogue Manchester et al. (2005) – version 1.50, July 2014.
The red dashed line shows the distribution of systems that would be expected from our calculations using standard
input physics (i.e. using the results presented in Fig. 2.6), thus illustrating the orbital period fine-tuning problem.
Actually, the problem is even worse given that a certain fraction of the systems formed with Porb '
2 − 9 hr will merge because of gravitational wave radiation and thus not be observable for as long time
as the MSPs with larger Porb. (The expected radio lifetimes of MSPs are many Gyr and are independent
of Porb.) Hence, more than 4 systems are most likely to have formed as solutions for every 31 systems
produced with Porb between 9 hr and 10 days. As an example, PSR J0348+0432 (Porb = 2.46 hr, cf.
Table 2.1) has a merger timescale of only ∼ 400 Myr (Antoniadis et al. 2013). Additionally, there are
observational selection effects against finding accelerated pulsed signals in very close binaries (Johnston
& Kulkarni 1991), although modern day acceleration search software and increased computer power
have somewhat alleviated this problem.
The discrepancy between observational data and our calculations is further illustrated by the red
dashed line in Fig. 2.7 which shows the rough distribution of systems expected from modelling with
standard input physics (assuming again a flat distribution of initial Porb between ∼3.4 − 4.4 days.)
The statistics depends, of course, on how the exact subsamples are chosen. However, the above
example was calculated for the most conservative case using the result of calculated models with γ = 5
(M2 = 1.4 M). As we demonstrate below, the required fine-tuning is much worse (> 99.99% C.L.) for
smaller values of γ. Therefore, there is no doubt that this severe fine-tuning has its basis in the input
physics currently adopted in standard LMXB modelling. Something seems to be missing or must be
modified – some mechanism that funnels more LMXBs to end up as MSPs with detached He WDs and
Porb < 9 hr.
2.4.3 Magnetic braking and the influence of the γ-index
As discussed previously, the magnetic braking law is not well known. For this reason we investigated
how the general behaviour of LMXBs in close orbits changes with different values of γ. In Fig. 2.8 is
shown the difference in orbital period evolution for an initial LMXB with M2 = 1.4 M, MNS = 1.3 M
and Porb = 2.8 days, for four different values of γ: 2, 3, 4 and 5. One can see that the higher the γ-index,
the stronger is the loss of orbital angular momentum due to magnetic braking. This situation is reversed
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Figure 2.8: Influence of the magnetic braking index, γ on the orbital evolution of an LMXB system with M2 =
1.2 M, MNS = 1.3 M and initial Porb = 2.8 days. Plotted is Porb as a function of age of the donor star. None
of these models produce a solution (i.e. detachment within the grey shaded region). Instead the outcome is two
diverging and two converging systems.
once the donor radius decreases below 1 R (cf. Eq. 2.5). However, at that point the orbital evolution is
mainly dominated by mass loss.
The main consequence of varying the γ-index is that Pdetach, PUCXB and Pbif have smaller values for
smaller γ, but the general orbital behaviour is similar. However, the final fate of the LMXBs is seen
to be quite a sensitive function of γ, and the orbital period fine-tuning problem gets worse for γ < 5.
For example, in Fig. 2.9 we demonstrate that for γ = 2 the resulting width of the interval of initial Porb
leading to an observed solution is less than 2 min (< 0.05% in Porb). This translates the significance
of the orbital period fine-tuning problem to > 99.99% C.L. In Fig. 2.10 we have demonstrated how the
orbital period fine-tuning problem systematically exacerbates with lower values of γ.
In the literature, some authors (e.g. Podsiadlowski et al. 2002; van der Sluys et al. 2005a) reduced the
magnetic braking by an ad-hoc factor related to the size of the convective envelope, or turned it off when
the donor became fully convective. We note here that with our code we did not produce any donors that
became fully convective. In Section 2.5.1 we discuss the magnetic braking law and compare our results
with previous work in the literature.
2.4.4 Evolution in the HR-diagram and hydrogen shell flashes
Fig. 2.11 shows the evolution in the Hertzsprung-Russell diagram of the donor stars for all the systems
in Fig. 2.2. The systems that start mass transfer during hydrogen core burning (converging Case A RLO
systems) closely follow an evolution studied in detail by Pylyser & Savonije (1989). These stars evolve
along an almost straight line (following the ZAMS, with smaller radii as they lose mass) down towards
very low temperatures and very low luminosities, until the donor star almost becomes fully convective
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Figure 2.9: Orbital period evolution for all LMXB systems investigated with M2 = 1.4 M, MNS = 1.3 M and
a magnetic braking index of γ = 2. The first detached system (A) has an initial Porb = 2.148 days while the
widest of the converging systems investigated (B) has an initial Porb = 2.147 days. Whereas system A leads
to an intermediate system (with a final Porb > 9 hr), system B does not detach but keeps evolving towards
Pmin. Therefore, the observed solutions (i.e. RLO detachment and formation of an MSP and a He WD with
Porb = 2−9 hr) would require a fine-tuning of the initial Porb to be in a narrow range of less than 2 min. For larger
values of γ the situation is less severe (Fig. 2.2) but still a serious problem, see Sections 2.4.2, 2.4.3 and 2.5.2.
and approaches the Hayashi-track. Subsequently, the luminosity is seen to decrease relatively rapidly
because of fading nuclear burning and increasing degeneracy. The systems that fill their Roche lobe
close to the core contraction phase or later, such as the solutions, the intermediate and the diverging
systems, first evolve towards low effective temperatures and low luminosities until, because of ignition
of hydrogen shell burning, they turn towards higher temperatures and – for the diverging systems with
(sub)giant donors – higher luminosities. The more evolved the donor star is towards the red-giant branch
(RGB) when it initiates mass transfer (i.e. the more massive its core mass), the higher the luminosity
will be when the star finally evolves towards the WD cooling track.
To get a better overview of the correspondence between the evolutionary status of the donor star at
the onset of RLO and the final fate of the LMXB, we show in Fig. 2.12 a zoom-in along the evolutionary
track in the HR-diagram of a 1.4 M star, from the ZAMS to the point where mass transfer is initiated
to a 1.3 M NS companion with various values of initial Porb. The marked points indicate a sequence
of cases where the evolutionary status of the donor star at the onset of RLO is somewhere between the
middle of the main sequence (A) and all the way up to the point (F) where the donor star has ascended
on the RGB. The systems leading to solutions initiate mass transfer in a very narrow epoch between
points B and C, when the donor star leaves the main sequence and starts the contraction phase. The
converging systems initiate mass transfer between points A and B, while the intermediate and diverging
systems start mass transfer after points C and D, respectively.
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Figure 2.10: The calculated Porb at Roche-lobe detachment as a function of initial Porb, plotted for different values
of the magnetic braking index, γ. It is seen how the orbital period fine-tuning problem becomes worse for smaller
values of γ, see text for discussions.
One can see from Fig. 2.11 that there is a region in which the donor stars experience one or several
hydrogen shell flashes. The intensity of the flashes is gradually increasing with the initial Porb. In
the literature, the mass interval in which a proto-WD experiences hydrogen flashes is roughly between
0.2 − 0.4 M (Driebe et al. 1998; Sarna et al. 2000; Althaus et al. 2001c; Serenelli et al. 2002a; Nelson
et al. 2004; Panei et al. 2007; Althaus et al. 2013), depending on metallicity and input physics (primarily
in treatment of diffusion). Donor stars which initiate RLO in the interval between points E and F in
Fig. 2.12 will experience hydrogen shell flashes after the mass-transfer phase. Some of these flashes
may cause additional RLO of small amounts of material (∼5 × 10−4 M). A more complete discussion
on the observed flashes in our models, and thermal evolution of (proto) WDs in particular, can be found
in Paper II.
2.4.5 The (MWD, Porb)–relation for tight orbits
For low-mass stars (< 2.3 M) on the RGB, there is a well-known relationship between the mass of
the degenerate helium core and the radius of the giant star – almost entirely independent of the mass
present in the hydrogen-rich envelope (Refsdal & Weigert 1971; Webbink et al. 1983). This relationship
is very important for the formation of binary MSPs because it results in a unique relation between
their orbital period (Porb) and WD mass (MWD) following the LMXB mass-transfer phase (Savonije
1987; Joss et al. 1987; Rappaport et al. 1995; Tauris & Savonije 1999; Nelson et al. 2004; De Vito
& Benvenuto 2010; Shao & Li 2012). The masses of the He WD companions are expected to be
between 0.13 < MWD/M < 0.46. The predicted correlation between MWD and Porb has previously
been somewhat difficult to verify observationally since few MSPs had accurately measured masses of
their companion star. However, over the past decade the correlation has been confirmed from mass
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Figure 2.11: Evolutionary tracks in the HR-diagram for the systems shown in Fig. 2.2. The small square on the
ZAMS near (log Teff , log(L/L)) = (3.8, 0.5) marks the beginning of the evolution for all systems.
measurements obtained from e.g. pulsar timing (Shapiro delay) or optical observations of He WD
companions (e.g. van Kerkwijk et al. 2005), see Tauris & van den Heuvel (2014) for a recent comparison
of theory and data.
As a consequence of loss of orbital angular momentum due to magnetic braking, LMXB systems
with initial Porb . Pbif are expected to end up as close-binary MSPs with Porb as short as a few hours
(Section 2.3.1). Therefore, because of the still unknown strength of magnetic braking, the (MWD, Porb)–
relation has always been considered less trustworthy for binary pulsars with Porb . 2 day (where
He WDs have masses < 0.20 M).
In Fig. 2.13 we have plotted the final Porb versus MWD for all our detached systems. For comparison
we have plotted the theoretical (MWD, Porb)–relation following Tauris & Savonije (1999), hereafter
TS99. Whereas this relation is expected out to Porb ' 1000 days for He WDs (at which point the
core mass exceeds ∼ 0.46 M and He is ignited, leading to a continuation of the correlation for higher
mass CO WDs produced in LMXBs), Fig. 2.13 only shows the lower left part of the full diagram. The
analytical expression of TS99 was derived for Porb & 1 day. However, as noted, for example, by van
Kerkwijk et al. (2005), Bassa et al. (2006a), Antoniadis et al. (2012) and Corongiu et al. (2012), even
for Porb < 1 day there is apparently a fairly good agreement between the measured masses of He WDs
and those expected from the theoretical (MWD, Porb)–relation. Examples of observational data include:
PSR J1738+0333 (Antoniadis et al. 2012), PSR J1910-5959A (Corongiu et al. 2012), PSR J1012+5307
(Lazaridis et al. 2009), PSR J0348+0432 (Antoniadis et al. 2013), PSR J0751+1807 (Nice et al. 2008)3;
3 A more recent He WD mass constraint for PSR J0751+1807 is MWD = 0.138 ± 0.006 M (95% confidence level, D. Nice,
priv.comm.). This value is used in Fig. 2.13 and Table 2.1.
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Figure 2.12: HR-diagram for the evolution of a 1.4 M star (Z = 0.02). Along the evolutionary track (starting
from the ZAMS marked by a square) is shown the points where such a donor star would initiate RLO to a 1.3 M
NS. The black circles represent the beginning of mass transfer for a system with initial Porb of 2.6 (A), 3.38 (B),
3.42 (C), 3.6 (D), 4.0 (E) and 7.0 days (F), respectively. The interval between the points E and F denote an epoch
where the donor star experiences hydrogen shell flashes after the end of the mass-transfer phase.
as well as low-mass He WD companions to non-degenerate stars (e.g. van Kerkwijk et al. 2010; Breton
et al. 2012; Maxted et al. 2014a).
At first sight, PSR J0348+0432 may seem to be have an observed Porb (2.46 hr) a bit below the
expected theoretical value. However, one must keep in mind the effect of gravitational wave radiation
following the detachment of the binary. Antoniadis et al. (2013) estimated a cooling age for this WD
of about 2 Gyr, meaning that Porb ' 5 hr at the moment of Roche lobe detachment (a factor two larger
than its present value). See also Fig. 2.2 for the effect of gravitational wave radiation from the detached
binaries (solutions). In addition, low metallicity stars have smaller radii which leads to smaller values of
final Porb for the He WDs (see also Jia & Li 2014, for a recent investigation of this effect in close-orbit
systems).
To summarize, for final Porb less than a few days, our LMXB modelling demonstrates, as expected, a
significant spread in the distribution of systems with respect to an extension of the relation of TS99.
The deviations seem to be semi-systematic, in the sense that all models have smaller values of MWD
compared to the extrapolation of TS99, and there is a clear division of tracks depending on the original
mass of the donor star, M2. However, interestingly enough the order of these tracks does not follow a
monotonic change in M2. Nevertheless, the modelling of the correlation between MWD and Porb remains
surprisingly robust for tight orbits, albeit with larger scatter. Given this large scatter (for example, we
find that Porb can vary by a factor of four for MWD ' 0.16 M, cf. Fig. 2.13) it is somewhat meaningless
to provide an exact analytical fit for Porb < 2 days. In this study, we only modelled systems with a
metallicity Z = 0.02. Accounting for stars with other metallicities (e.g. TS99; Jia & Li 2014), we
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Figure 2.13: The (MWD, Porb)–diagram for all the studied LMXB systems which produced a detached He WD.
The initial parameters were chosen from: M2 = 1.2 − 1.6 M, MNS = 1.3 − 1.9 M, γ = 2 − 5, and  = 0.1 − 0.9.
The thick curve (TS99) represents the analytical expression given in Tauris & Savonije (1999) for Z = 0.02 (which
was derived only for Porb & 1 day, but here for illustration extended down to smaller values of Porb). The green
diamonds represent observed MSP systems with He WDs and Porb < 15 hr (i.e. similar to the solutions and
partly the intermediate systems of our modelling). The region where the analytical expression is uncertain is for
Porb < 2 days (and MWD . 0.20 M). Although our calculations show a larger spread of the systems in this region
the modelling of this correlation is still surprisingly robust – see text.
.
therefore expect a broader scatter of He WD masses between 0.14 − 0.20 M for the systems with
Porb < 2 days.
Minimum mass of a He WD
From theoretical work, it is expected that degenerate He WDs have masses of at least 0.13 M (Schön-
berg & Chandrasekhar 1942; Tutukov et al. 1987). Indeed, we find that all our calculated He WDs
have masses MWD ≥ 0.15 M. Donor stars in converging LMXBs with smaller semi-degenerate cores
have relatively thick hydrogen-rich envelopes. Therefore these stars remain hydrogen rich and bloated
which prevents them from terminating their mass-transfer process and forming a detached He WD. Such
donors, which often suffer from ablation via the pulsar wind, can have their masses reduced signific-
antly, leading to black-widow type eclipsing MSP systems which have typical companion masses of
a few 0.01 M (Roberts 2013; Chen et al. 2013), or even complete evaporation and formation of an
isolated MSP; in some cases possibly surrounded by an asteroid belt (Shannon et al. 2013).
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2.5 Discussion
2.5.1 The magnetic braking law
The loss of orbital angular momentum by magnetic braking is an uncertain aspect of LMXB evolution
in close systems. For many years it has been thought that the magnetic field has to be anchored in
underlying radiative layers of a star (Parker 1955). However, more recent observations and theoretical
calculations question this hypothesis (e.g. Dorch & Nordlund 2001; Barnes 2003; Barnes & Kim 2010;
Hussain 2011), and suggest that even fully convective stars may still operate a significant magnetic field
– a conclusion which also has important consequences for the explanation of the observed period gap in
CVs (Spruit & Ritter 1983; Knigge et al. 2011).
In addition, it is possible that the stellar activity necessary for magnetic braking to operate may satur-
ate for rotation periods shorter than a few days (Rucinski 1983; Vilhu & Walter 1987). This would lead
to a much flatter dependence of the angular momentum loss rate on the angular velocity (J˙MB ∝ Ω1.2)
than is given by the Skumanich-law (J˙MB ∝ Ω3, Skumanich 1972) on which basis Eq. (2.5) is derived
(see also Verbunt & Zwaan 1981). Based partly on observational work, Stepien (1995) derived a new
magnetic braking law which smoothly matches the Skumanich-law for wide systems to the dependence
obtained by Rucinski (1983) for short orbital period systems (., 3 days):
J˙MB
Jorb
' −1.90 × 10−16 k
2R22
a2
M 2
M1M2
e−1.50×10
−5/Ω s−1. (2.8)
Equation (2.5) and the formula above represent a strong and a weak magnetic braking torque, respect-
ively, and their relative strength can be compared in e.g. Tauris (2001). For detailed investigations and
reviews on the magnetic wind and the braking torque, see e.g. Eggleton (2001), van der Sluys et al.
(2005b) and Knigge et al. (2011), and references therein. In our work presented here, we have restricted
ourselves to allow for a variation in the magnetic braking strength by varying the γ-index in Eq. (2.5).
This was partially motivated by the results of the work by van der Sluys et. al (see below) who applied
Eq. (2.8) without success.
2.5.2 Further evidence of an orbital period fine-tuning problem
As demonstrated so far in this paper, we have a problem with modelling the formation of MSPs with
He WDs in tight orbits. From a closer look in the literature it is evident that there is independent support
for this conclusion, and our numerical studies are no exception from a more general picture.
van der Sluys et al. (2005a,b) investigated the evolution of LMXBs with the aim of producing UCXBs
within a Hubble time. Using detailed modelling of LMXBs they concluded in their first paper that only
a narrow range of initial Porb and M2 is able to result in parameters similar to those of observed UCXBs.
To solve this problem, in their second paper, they applied reduced magnetic braking to their models
following the work of Sills et al. (2000). The outcome was, however, that for less efficient magnetic
braking it becomes impossible to evolve any systems to UCXBs.
In addition, we can compare our results with the detailed studies by Podsiadlowski et al. (2002) and
Lin et al. (2011). In the work by Podsiadlowski et al. (2002), no solutions are found in their fig. 13.
Only sequence d in their fig. 16 leads to a solution. In fig. 5 of Lin et al. (2011), one can see that only
a few systems, out of ∼ 14 000 pulsar–WD binaries, are produced with a detached low-mass He WD
orbiting a pulsar with Porb < 15 hr. The orbital period fine-tuning problem is also seen indirectly in
fig. 6 (right panel) of Jia & Li (2014) where a small relative change in the initial Porb results in a large
relative change in the final MWD, i.e. ∆MWD/MWD > 30 ∆Porb/Porb.
41
Chapter 2 The formation of low-mass helium white dwarfs orbiting pulsars
A related problem is the question of truncating the RLO. In their analysis of the formation of PSR
J0348+0432, Antoniadis et al. (2013) concluded that its existence requires a finely tuned truncation of
the mass-transfer process which is not yet understood. (This system is investigated in our Paper III.)
It seems clear that there is evidence of a general problem of reproducing tight-orbit pulsar binaries us-
ing current stellar evolution codes. The converging LMXBs most often do not detach but keep evolving
with continuous mass transfer to more and more compact systems with Porb ≤ 2 hr and ultra-light donor
masses M2 < 0.08 M. In the few instances where fine-tuning may lead to detachment at the right values
of Porb and M2, the donor star is typically too hydrogen rich to settle and cool as a compact He WD.
Instead the evolution may lead to formation of a redback-like system (Roberts 2013; Chen et al. 2013)
which switches back and forth between being visible as an X-ray binary and an eclipsed radio MSP with
a bloated companion (e.g. Archibald et al. 2009; Papitto et al. 2013; Bassa et al. 2014).
All of the above-mentioned modelling of LMXBs has difficulties producing detached He WDs with
Porb = 2 − 9 hr (referred to in this paper as solutions). As demonstrated in Section 2.4.2, this is in clear
contradiction with observations which show a relatively large population of such systems. Although we
were able to produce solutions for all choices of M2 = 1.2 − 1.6 M and values of γ = 2 − 5, it seems
to require an unrealistic high degree of fine-tuning. Hence, we conclude that apparently something is
missing in the standard input physics applied for LMXB modelling.
2.5.3 Irradiation effects, accretion disk instabilities and circumbinary disks
Several effects may potentially affect the LMXB evolution, such as irradiation of the donor star, accre-
tion disk instabilities and a circumbinary disk. As discussed below, we have neglected these effects in
our work presented here. Firstly, because in this study we want to isolate the investigation of magnetic
braking. Secondly, it has been demonstrated that these effects are uncertain and difficult to quantify for
trustworthy modelling. We now briefly discuss each of these effects.
During the LMXB evolution, a small part of mass lost from the companion may be injected into a
circumbinary disk, which will exert tidal torques on the binary and extract angular momentum from the
system (van den Heuvel 1994; Spruit & Taam 2001). In addition, feedback mechanisms caused by tides
may transfer angular momentum from the disk back into the binary (Lin & Papaloizou 1979). Whether
or not such a circumbinary disk may act as a reservoir of orbital angular momentum which potentially
could stabilize and elucidate the orbital period fine-tuning problem remains to be investigated. It is
possible that this loss of orbital angular momentum could lead to some of the intermediate systems in
Fig. 2.2 to become solutions, rather than ending above the grey shaded region.
Another (uncertain) aspect of LMXB evolution is the effect of accretion disk instabilities (Pringle
1981; van Paradijs 1996; Lasota 2001; Dubus et al. 2001; Coriat et al. 2012). These are thermal-viscous
instabilities resulting from a relatively large and sudden local increase in opacity and viscosity of the disk
material at (critically) low mass-transfer rates. The high viscosity leads to a sudden outburst in which
the NS accretes at a much higher rate. Outbursts are alternated by low-viscosity stages during which the
disk builds up again. Stable behaviour can only persist if the entire disk has a homogeneous degree of
ionization. In our work, we have partly compensated for this effect by choosing a small NS accretion
efficiency (Section 2.3.2). It is possible, however, that during these outbursts (where |M˙2| > M˙Edd) some
material is fed into a circumbinary disk which may affect the orbital angular momentum of the system,
as mentioned above.
There is, in addition, the effect of irradiation feedback on the long-term evolution of a close-orbit
binary (e.g. Büning & Ritter 2004; Ritter 2008; Dubus et al. 1999). The impact and the modelling of
this effect, leading to cyclic accretion, is still unclear and also not included in the present study. Recent
work by Benvenuto et al. (2012) on the evolution of UCXBs suggests that the inclusion of irradiation
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feedback is not very significant for the secular evolution and thus the final properties of these systems.
This is in agreement with Nelson & Rappaport (2003) who found that the effect of excess bloating due
to X-ray irradiation is small (however, see also Podsiadlowski 1991). Irradiation effects by the pulsar
wind (Tavani & Brookshaw 1992), however, possibly in combination with tidal dissipation of energy
in the envelope, may cause a companion star to be thermally bloated. This may lead to evaporation
and eclipses of the observed radio signals as seen in many narrow-orbit MSP systems. In the case
of PSR J2051−0827 one can even measure the effects of gravitational quadrupole moment changes
(Lazaridis et al. 2011), which affect the orbital evolution in a semi-cyclic and poorly understood manner
that may also be applicable to close-orbit LMXBs (Applegate & Shaham 1994; Lanza & Rodonò 1999).
2.6 Conclusions
The main results are summarized as follows:
i) We have applied a detailed stellar evolution code to model the evolution of ∼ 400 close binaries
containing a NS and a low-mass main-sequence star. We evolved the systems to the LMXB phase
with the purpose of reproducing the observed MSPs hosting He WD companions in tight orbits
with Porb ' 2 − 9 hr. Using a standard prescription for orbital angular momentum losses via
magnetic braking we can reproduce the observed systems for a large initial parameter space of
donor star masses, NS masses, NS accretion efficiencies and magnetic braking index values.
ii) However, from an analysis of our modelling we find that a severe fine-tuning is required for the
initial orbital period of the LMXBs in order to reproduce these observed systems. Based on a
comparison to observational data of binary pulsars, we argue that such a fine-tuning is unlikely.
We refer to this issue as the orbital period fine-tuning problem. We find further support for this
problem from earlier independent studies in the literature. We conclude that something needs to
be modified or is missing in the standard input physics of LMXB modelling.
iii) We have demonstrated that the (MWD, Porb)–relation is, in general, also valid for binary pulsars
with He WDs having Porb < 2 days, although with an expected large scatter in He WD masses
between 0.15 − 0.20 M. This conclusion is based on a combination of our theoretical modelling
as well as recent observational data.
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Abstract A large number of low-mass (. 0.20 M) helium white dwarfs (He WDs) have recently
been discovered. The majority of these are orbiting another WD or a millisecond pulsar (MSP) in a
close binary system; a few examples are found to show pulsations or to have a main-sequence star
companion. There appear to be discrepancies between the current theoretical modelling of such low-
mass He WDs and a number of key observed cases, indicating that their formation scenario yet remains
to be fully understood. Here we investigate the formation of detached proto-He WDs in close-orbit low-
mass X-ray binaries (LMXBs). Our prime focus is to examine the thermal evolution and the contraction
phase towards the WD cooling track and investigate how this evolution depends on the WD mass. Our
calculations are then compared to the most recent observational data. Numerical calculations with a
detailed stellar evolution code were used to trace the mass-transfer phase in a large number of close-
orbit LMXBs with different initial values of donor star mass, neutron star mass, orbital period, and
strength of magnetic braking. Subsequently, we followed the evolution of the detached low-mass proto-
He WDs, including stages with residual shell hydrogen burning and vigorous flashes caused by unstable
CNO burning. We find that the time between Roche-lobe detachment until the low-mass proto-He WD
reaches the WD cooling track is typically ∆tproto = 0.5 − 2 Gyr, depending systematically on the WD
mass and therefore on its luminosity. The lowest WD mass for developing shell flashes is ∼ 0.21 M
for progenitor stars of mass M2 ≤ 1.5 M (and ∼ 0.18 M for M2 = 1.6 M). The long timescale of
low-mass proto-He WD evolution can explain a number of recent observations, including some MSP
systems hosting He WD companions with very low surface gravities and high effective temperatures.
We find no evidence for ∆tproto to depend on the occurrence of flashes and thus question the suggested
dichotomy in thermal evolution of proto-WDs.
3.1 Introduction
In recent years, the number of detected low-mass (. 0.20 M) helium white dwarfs (He WDs) has
increased dramatically, mainly as a result of multiple survey campaigns such as WASP, ELM, HVS,
Kepler, and SDSS (Pollacco et al. 2006; Rowe et al. 2010; Brown et al. 2005, 2010, 2013; Silvotti et al.
2012; Kilic et al. 2012; Hermes et al. 2013b; Maxted et al. 2014a).
The existence of low-mass He WDs in close binaries with a radio millisecond pulsar (MSP), however,
has been known for a few decades (e.g. van Kerkwijk et al. 2005, and references therein). Several
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attempts have been made to calibrate WD cooling models for such systems on the basis of the spin-
down properties of the MSP (e.g. Alberts et al. 1996; Hansen & Phinney 1998; Driebe et al. 1998;
Althaus et al. 2001c; Panei et al. 2007). The idea is that the characteristic spin-down age of the MSP
(τPSR ≡ P/(2P˙), where P is the spin period and P˙ is the period derivative) should be equivalent to the
cooling age of the WD (τcool), assuming that the radio MSP is activated at the same time as the WD
is formed, following an epoch of mass transfer in a low-mass X-ray binary (LMXB). Unfortunately,
this method is highly problematic since τPSR generally is a poor true age estimator. It can easily be
incorrect by a factor of 10 or more (Camilo et al. 1994; Lorimer et al. 1995; Tauris 2012; Tauris et al.
2012). Determining the true age of MSPs, however, is important for studying their spin evolution and
constraining the physics of their previous recycling phase (Lazarus et al. 2014).
The discovery of the intriguing PSR J1012+5307 (Nicastro et al. 1995) sparked an intense discussion
about WD cooling ages and MSP birthrates (Lorimer et al. 1995) given that τPSR > 20 τcool. Soon there-
after, it was suggested (Alberts et al. 1996; Driebe et al. 1998; van Kerkwijk et al. 2005) that He WDs
with a mass . 0.20 M avoid hydrogen shell flashes, whereby their relatively thick (∼ 10−2 M) hy-
drogen envelope remains intact, causing residual hydrogen shell burning to continue on a very long
timescale. Despite significant theoretical progress (e.g. Althaus et al. 2013, and references therein), our
understanding of the thermal evolution of (proto) He WDs remains uncertain. In particular, a number of
recent observations of apparently bloated WDs calls for an explanation.
In this Letter, we study the formation of a large number of low-mass He WDs by modelling close-orbit
LMXBs. We carefully investigate the properties of the resulting proto-WDs and follow their evolution
until and beyond settling on the WD cooling track. Finally, we compare our results with observations.
3.2 Numerical methods and physical assumptions
Numerical calculations with a detailed stellar evolution code were used to trace the mass-transfer phase
following the same prescription as outlined in Istrate et al. (2014a). We investigated models with a
metallicity of Z = 0.02, a mixing-length parameter α = l/Hp = 2.0, and a core convective overshooting
parameter of δOV = 0.10. A wide range of LMXB systems were investigated with different initial
values of donor star mass (M2), neutron star mass, orbital period, and the so-called γ-index of magnetic
braking. The evolution of the low-mass (proto) He WD was calculated including chemical diffusion
(mixing), hydrogen shell flashes (CNO burning), and residual shell hydrogen burning. Convective,
semi-convective, and overshoot mixing processes were treated via diffusion. Thermohaline mixing was
included as well, whereas gravitational settling and radiative levitation were neglected, as was stellar
wind mass loss.
3.3 Results
In Fig. 3.1 we have plotted a selection of our calculated evolutionary tracks, from the moment of Roche-
lobe detachment until the end of our calculations, for (proto) He WDs with masses of 0.15 − 0.28 M.
In general, our models fit the observations quite well. The few cases with discrepancies are sources with
large uncertainties in the WD mass. Vigorous single or multiple cycle hydrogen shell flashes explain the
large loops in the diagram, whereas mild thermal instabilities are seen e.g. for the 0.25 M proto-WDs
at log g ' 4.5. It has been known for many years that a thermal runaway flash may develop through
unstable CNO burning when a proto-WD evolves towards the cooling track (Kippenhahn & Weigert
1967; Webbink 1975; Iben & Tutukov 1986). During these flashes the luminosity becomes very high,
whereby the rate of hydrogen burning is significantly increased (e.g. Nelson et al. 2004; Gautschy 2013,
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Figure 3.1: Evolutionary tracks in the (Teff , log g)–diagram. The evolution from Roche-lobe detachment until
settling on the WD cooling track and beyond is shown for a selection of our models. The colour scale represents
the final WD mass. A few cases of vigorous hydrogen shell flashes explain the large (counterclockwise) loops
in the diagram. Observed WDs are shown with symbols (stars: sdB+WD, double WDs [grey stars: WDs with
poor mass constraints]; triangles: pulsating WDs; squares: WD+MS; circles: WD+MSP – see Appendix A for
references and data).
and references therein). Our models with strong flashes often experience an additional episode of mass
loss via Roche-lobe overflow (RLO, see also Iben & Tutukov 1986; Sarna et al. 2000; Podsiadlowski
et al. 2002; Nelson et al. 2004).
For progenitor stars with M2 ≤ 1.5 M we find hydrogen shell flashes in WDs with masses of
0.21 ≤ MWD/M ≤ 0.28. Hence, the lowest mass for which flashes occur is Mflash = 0.21 M.
However, we find a lower value of Mflash = 0.18 M for M2 = 1.6 M. It has been argued (e.g. van
Kerkwijk et al. 2005) that the value of Mflash is important since it marks a dichotomy for the subsequent
WD cooling such that WDs with a mass MWD < Mflash remain hot on a Gyr timescale as a result of
continued residual hydrogen shell burning, whereas WDs with MWD > Mflash cool relatively fast as
a result of the shell flashes that erode the hydrogen envelope. We find that this transition is smooth,
however, and that the thermal evolution timescale mainly depends on the proto-He WD luminosity and
not on the occurrence or absence of flashes.
In Fig. 3.2 we have plotted the time, ∆tproto it takes from Roche-lobe detachment until the star reaches
its highest value of Teff . (For WDs that undergo hydrogen shell flashes we used the time until the occur-
rence of highest Teff on their last loop in the HR–diagram.) The plot shows a very strong dependence
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on MWD. For very low-mass He WDs (i.e. those with MWD < Mflash, which therefore avoid hydrogen
shell flashes), ∆tproto may last up to 2 Gyr. This result has important consequences for their thermal
evolution and contraction (see below). There is a well-known correlation between the degenerate core
mass of an evolved low-mass star and its luminosity, L (Refsdal & Weigert 1971). After terminating
the RLO, the star moves to the far left in the HR–diagram – (initially) roughly at constant L – while
burning the residual hydrogen in the envelope at a rate proportional to L. We find that the total amount
of hydrogen left in the envelope is always ∼ 0.01 ± 0.005 M, in agreement with Sarna et al. (2000),
and is correlated in a variable manner with MWD (especially for M2 ≥ 1.5 M, explaining the peak in
Fig. 3.2). Therefore, the increase in ∆tproto seen in Fig. 3.2 for decreasing values of MWD can simply be
understood from their much lower luminosities following the Roche-lobe detachment (see also Figs. 5
and 10 in Istrate et al. 2014a). Based on our calculated proto-He WD models, we find (see Appendix B)
∆tproto ' 400 Myr
(
0.20 M
MWD
)7
. (3.1)
The conclusion that ∆tproto can reach ∼Gyr was found previously for a few single models (e.g. Driebe
et al. 1998; Sarna et al. 2000; Althaus et al. 2001c). Here we show, for the first time, its systematic
dependence on MWD.
Fig. 3.3 shows the contraction phase for three proto-He WDs. The value of ∆tproto increases significantly
when MWD decreases from 0.24 to 0.17 M. Hence, low-mass (. 0.20 M) proto-He WDs can remain
bloated on a very long timescale. It is important to notice that no pronounced discontinuity in ∆tproto is
seen at Mflash ' 0.21 M (cf. Figs. 3.2, 3.3, and A.2). Although the peak luminosity (and thus the rate
of eroding hydrogen) is high during a flash, the star only spends a relatively short time (∼ 103 − 106 yr)
at high L when making a loop in the HR–diagram.
3.4 Comparison with observational data of He WDs
In Table A.1 (Appendix A) we list observed low-mass He WDs included among the plotted data in
Fig. 3.1. We now discuss recent interesting sources in view of our theoretical modelling.
3.4.1 MSPs with low-mass (proto) He WDs in tight orbits
The companion star to PSR J1816+4510 (Porb = 8.7 hr) was recently observed by Kaplan et al. (2012,
2013). They assembled optical spectroscopy and found an effective temperature of Teff = 16 000 ±
500 K, a surface gravity of log g = 4.9±0.3, and a companion mass of MWD sin3 i = 0.193±0.012 M,
where i is the orbital inclination angle of the binary. They concluded that while the spectrum is rather
similar to that of a low-mass He WD, it has a much lower surface gravity (i.e. larger radius) than a
WD on the cooling track. They discussed that PSR J1816+4510 perhaps represents a redback system
(cf. Chen et al. 2013, for a formation scenario) where pulsar irradiation of the hydrogen-rich, bloated
companion causes evaporation of material, which can explain the observed eclipses of the radio pulses
for ∼10% of the orbit. However, the very hot surface temperature of this companion (16 000 K) cannot
be explained from a redback scenario. Redbacks typically have illuminated dayside temperatures of
only Teff ' 6 000 K (Breton et al. 2013). Here we suggest that this companion star is simply a low-mass
proto-He WD. As we have demonstrated, such a star takes several 100 Myr to reach the cooling track,
and our models match the observed values of Teff and log g. (Note, for Porb = 8.7 hr one usually expects
MWD . 0.18 M, cf. Istrate et al. 2014a).
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Figure 3.2: Contraction timescale, ∆tproto of evolution from Roche-lobe detachment until settling on the WD
cooling track, plotted as a function of WD mass, MWD. The initial ZAMS masses of the WD progenitors (the
LMXB donor stars) are indicated with various symbols and colours. The red line marks Mflash ' 0.21 M for
progenitor stars . 1.5 M.
Another case is the triple system PSR J0337+1715 recently discovered by Ransom et al. (2014a),
which raises fundamental questions about its formation (Tauris & van den Heuvel 2014). One open
question is the order of formation of the two WDs orbiting the MSP (with Porb = 1.6 and 327 days).
Spectroscopy of the inner companion by Kaplan et al. (2014b) verified that this is a 0.197 M He WD,
as known from pulsar timing. They measured a low surface gravity of log g = 5.82 ± 0.05 and noted
that its very high surface temperature, Teff = 15, 800±100 K, could indicate that it had just experienced
a flash. This would suggest a surprisingly short lifetime for this object. However, our modelling of
∼ 0.20 M He WDs shows that these stars avoid flashes. Instead we find that for such a star it takes
400− 600 Myr (Fig. 3.2) to reach the WD cooling track. Therefore, we conclude that it is reasonable to
detect such a WD at an early, bloated stage of its evolution.
3.4.2 NLTT 11748 and other low-mass (proto) He WD binaries
A large number of low-mass proto-He WDs (also classified as sdB stars) are found in binaries with an-
other WD. These systems probably formed via stable RLO in cataclysmic variable systems resembling
our calculations, but with a ∼ 0.7 M CO WD accretor instead of a NS. NLTT 11748 was discovered
by Steinfadt et al. (2010b), with follow-up observations made by Kaplan et al. (2014a). This eclipsing
detached binary consists of a 0.71 − 0.74 M CO WD with a very low-mass He WD and Porb ' 5.6 hr.
Our evolutionary tracks for a 0.16 M He WD are indeed consistent with their observed values of
log g = 6.35 and Teff = 7 600 K (and their estimated mass of 0.136 − 0.162 M). Brown et al. (2013)
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Figure 3.3: Radius as a function of stellar age for the progenitor stars of three He WDs of mass 0.17, 0.21 and
0.24 M. The most massive proto-WD evolves with hydrogen shell flashes – see inset. The epoch between the
solid red star (RLO termination) and the open black star (max. Teff) marks the contraction (transition) timescale,
∆tproto = 96 − 1910 Myr.
recently detected four binaries with low-mass WDs having log g ' 5, in accordance with our modelling
of proto-He WDs presented here (cf. Figs. 3.1 and A.1).
3.4.3 Bloated, hot, low-mass He WDs detected by Kepler
Four (proto) He WDs have been found with A-star companions in the combined transit and eclipse data
from the Kepler mission (van Kerkwijk et al. 2010; Carter et al. 2011; Breton et al. 2012). Three of these
He WDs (KOI–74, KIC 10657664, KOI–1224) have MWD . 0.26 M and are also plotted in Fig. 3.1.
The mass estimates of these WDs are not very precise. However, within 1–2σ, the characteristics of
these objects also seem to match our evolutionary tracks reasonably well.
The question now is why we see all these bloated proto-WDs given that WDs spend significantly more
time on the subsequent cooling tracks. This is simply a selection effect. The WDs are only seen to
eclipse A-stars in the Kepler data as long as they are bloated proto-WDs (and thus also more luminous
than ordinary WDs, which have already settled on the cooling track).
3.5 Discussion and conclusions
We have demonstrated that low-mass (. 0.20 M), detached proto-He WDs may spend up to ∼ 2 Gyr
in the contraction (transition) phase from the Roche-lobe detachment until they reach the WD cooling
track. This is important for an age determination of He WDs in general and for recycled MSPs in
50
3.5 Discussion and conclusions
particular. We expect a fair number of He WDs to be observed in this (bloated) phase, in agreement
with recent observations.
The duration of this contraction phase (∆tproto) decreases strongly with increasing mass of the proto-
He WD, MWD. This can be understood from the well-known correlation between degenerate core mass
and luminosity of an evolved low-mass star. Therefore, after Roche-lobe detachment, the rate at which
the residual (0.01 ± 0.005 M) hydrogen in the envelope is consumed is directly proportional to the
luminosity and thus MWD. The value of ∆tproto is not particularly sensitive to the occurrence or absence
of flashes.
Whether or not hydrogen shell flashes occur depends on the WD mass, its chemical composition, and
the treatment of diffusion (mixing) of the chemical elements (e.g. Driebe et al. 1998; Sarna et al. 2000;
Althaus et al. 2001c; Nelson et al. 2004; Althaus et al. 2013). In general, we find flashes in our models
with 0.21 ≤ MWD/M ≤ 0.28 for M2 ≤ 1.5 M. This result agrees excellently well agreement with the
interval found by Nelson et al. (2004) for donors with solar metallicity, and also with the earlier work
of Driebe et al. (1998). For M2 = 1.6 M WDs down to ∼0.18 M are experiencing flashes.
Detailed studies by Althaus et al. (2001c, 2013) found hydrogen shell flashes for a much broader
range of final WD mass (0.18 < MWD/M < 0.41). However, as pointed out by Nelson et al. (2004),
diffusion is an extremely fragile process, and turbulence can mitigate its effects. And more importantly,
Nelson et al. (2004) find that both M2 and the mode of angular momentum losses may also affect the
range for which hydrogen shell flashes occur. Indeed, we found a lower value of Mflash = 0.18 M for
our models with M2 = 1.6 M. It has previously been shown that Mflash strongly increases with lower
metallicity (e.g. Sarna et al. 2000; Nelson et al. 2004). The work of Althaus et al. (2013) was calculated
for a constant M2 = 1.0 M (Z = 0.01). We have excluded such models with M2 < 1.1 M (Z = 0.02)
since these progenitor stars do not detach from their LMXB and evolve onto WD cooling track within a
Hubble time.
Chemical diffusion via gravitational settling and radiative levitation was not included in this work.
These effects seem to slightly increase ∆tproto compared with models without diffusion (L. Nelson et al.,
in prep.). A systematic investigation of these and other effects on ∆tproto and Mflash will be addressed in
a future work.
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Abstract A large number of extremely low-mass helium white dwarfs (ELM WDs) have been dis-
covered in recent years. The majority of them are found in close binary systems suggesting they are
formed either through a common-envelope phase or via stable mass transfer in a low-mass X-ray binary
(LMXB) or a cataclysmic variable (CV) system. Here, we investigate the formation of these objects
through the LMXB channel with emphasis on the proto-WD evolution in environments with different
metallicities. We study for the first time the combined effects of rotational mixing and element diffu-
sion (e.g. gravitational settling, thermal and chemical diffusion) on the evolution of proto-WDs and on
the cooling properties of the resulting WDs. We present state-of-the-art binary stellar evolution mod-
els computed with MESA for metallicities of Z = 0.02, 0.01, 0.001 and 0.0002, producing WDs with
masses between ∼ 0.16 − 0.45 M. Our results confirm that element diffusion plays a significant role
in the evolution of proto-WDs that experience hydrogen shell flashes. The occurrence of these flashes
produces a clear dichotomy in the cooling timescales of ELM WDs, which has important consequences
e.g. for the age determination of binary millisecond pulsars. In addition, we confirm that the threshold
mass at which this dichotomy occurs depends on metallicity. Rotational mixing is found to counteract
the effect of gravitational settling in the surface layers of young, bloated ELM proto-WDs and therefore
plays a key role in determining their surface chemical abundances, i.e. the observed presence of metals
in their atmospheres. We predict that these proto-WDs have helium-rich envelopes through a significant
part of their lifetime. This is of great importance as helium is a crucial ingredient in the driving of the
κ−mechanism suggested for the newly observed ELM proto-WD pulsators. However, we find that the
number of hydrogen shell flashes and, as a result, the hydrogen envelope mass at the beginning of the
cooling track, are not influenced significantly by rotational mixing. In addition to being dependent on
proto-WD mass and metallicity, the hydrogen envelope mass of the newly formed proto-WDs depends
on whether or not the donor star experiences a temporary contraction when the H-burning shell crosses
the hydrogen discontinuity left behind by the convective envelope. The hydrogen envelope at detach-
ment, although small compared to the total mass of the WD, contains enough angular momentum such
that the spin frequency of the resulting WD on the cooling track is well above the orbital frequency.
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4.1 Introduction
Extremely low-mass white dwarfs (ELM WDs) are low-mass helium-core WDs with masses below
0.2 − 0.3 M and with surface gravities of 5 < log g < 7 (Brown et al. 2013). A large number of such
objects have been discovered in recent years through dedicated or general surveys such as ELM, SPY,
WASP, SDSS and the Kepler mission (e.g. Brown et al. 2010; Kilic et al. 2011; Brown et al. 2012; Kilic
et al. 2012; Brown et al. 2013; Koester et al. 2009; Maxted et al. 2011; Kepler et al. 2015; Brown et al.
2016). Soon after the discovery of the first ELM WDs, it was recognised that they have to be a product
of binary evolution (Marsh et al. 1995b). From an evolutionary point of view, these ELM WDs cannot
be formed from single-star progenitors as the nuclear evolution timescale of such low-mass objects
would exceed the Hubble time – unless they have an extremely high metallicity (Kilic et al. 2007) or
the star lost its envelope from an inspiralling giant planet (Nelemans & Tauris 1998). Indeed, the vast
majority of ELM WDs are found in binary systems with a companion star such as a neutron star in
millisecond pulsar (MSP) systems (van Kerkwijk et al. 2005), an A-type star in EL CVn-type systems
(Maxted et al. 2014a) or another (typically a carbon-oxygen) WD. ELM WDs have been discovered in
various environments, from the Galactic disk to open and globular clusters (Rivera-Sandoval et al. 2015;
Cadelano et al. 2015), and thus they can be formed from progenitors with different metallicities.
The revived interest in ELM WDs was fostered by the discovery of pulsations in several of these
objects (Hermes et al. 2012d, 2013b,c; Kilic et al. 2015) as well as ELM proto-WDs (Maxted et al. 2013,
2014b; Corti et al. 2016; Gianninas et al. 2016). The ELM WD pulsators extend the ZZ Ceti instability
strip to lower effective temperatures and higher luminosities. This instability strip contains stars with
a convective driving mechanism for pulsations acting at the base of the convective zone associated
with hydrogen recombination (e.g. Van Grootel et al. 2013b). In the newly discovered ELM proto-WD
pulsators, the excitation mechanism is instead the usual κ− mechanism for which the presence of He in
the envelope is thought to play a key role (Jeffery & Saio 2013; Córsico et al. 2016). The pulsational
behaviour of ELM WDs and ELM proto-WDs provide an unique insight into their interior properties,
such as the hydrogen envelope mass and their total mass and rotation rate, which will place stronger
constraints on the theoretical models (e.g. Córsico & Althaus 2014a,b; Córsico et al. 2016).
Another interesting and not completely understood feature of ELM WDs is the observed presence
of metals in their atmospheres. Gianninas et al. (2014a) provided for the first time systematic meas-
urements of the atmospheric abundances of He, Ca and Mg for this type of stars and examined their
distribution as a function of effective temperature and mass. In the observed sample, all the WDs with
log g < 5.9 show Ca II K lines, suggesting that the presence of metals in these objects is a ubiquitous
phenomenon, possibly linked to their evolution. Detailed abundance analyses exist for only a handful of
objects (Kaplan et al. 2013; Gianninas et al. 2014b; Hermes et al. 2014b; Latour et al. 2016) but already
suggest a diversity of metallicities, as in the case of sdB stars. Gravitational settling depletes the metals
in the atmospheres of WDs on a very short timescale compared to their evolutionary timescale (Vauclair
et al. 1979; Paquette et al. 1986; Koester et al. 2009), indicating that a process should be at work that
counteracts it or replenishes the depleted metals.
In addition to the formation and evolutionary history of these objects, their future outcome is also of
theoretical interest. Short-period double WD binaries are candidate progenitors for transient explosive
phenomena such as Type Ia, underluminous .Ia and Ca-rich supernovae (Bildsten et al. 2007; Iben
& Tutukov 1984; Perets et al. 2010; Foley 2015), as well as exotic systems such as AM CVn stars,
R Coronae Borealis (R CrB), and single subdwarf B/O stars (Kilic et al. 2014; Solheim 2010; Clayton
2013; Heber 2016). Moreover, they are expected to be excellent sources of gravitational waves (Hermes
et al. 2012b; Kilic et al. 2013) and verification sources for gravitational detectors such as eLISA (Amaro-
Seoane et al. 2012).
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4.2 Formation and evolution of ELM WDs
From a theoretical point of view, an ELM WD can be formed either through common-envelope evolution
or stable Roche-lobe overflow (RLO) mass transfer in a low-mass X-ray binary (LMXB) or a cataclys-
mic variable (CV) system. The formation and evolution of low-mass WDs through a stable mass-transfer
phase (or by artificially removing envelope mass from its progenitor star) has been studied intensively
over the years (e.g. Driebe et al. 1998; Sarna et al. 2000; Nelson et al. 2004; Althaus et al. 2001a; Panei
et al. 2007; Althaus et al. 2013; Istrate et al. 2014a,b). In comparison, the common-envelope channel is
less studied and far more uncertain (e.g. Nandez et al. 2015).
Although the majority of ELM WDs are found in double WD systems (Andrews et al. 2014), almost
all evolutionary calculations that involve stable mass transfer producing an ELM WD consider a neutron
star companion (i.e. an LMXB progenitor system). For the structure of the final ELM WDs, the results
of these LMXB calculations can also be applied to CV systems producing ELM WDs in double WD
binaries, as the stellar properties of the produced ELM WDs do not depend on the mass of their accreting
companion, but instead on the initial orbital period and mass of the donor (progenitor) star (Nelson
et al. 2004; De Vito & Benvenuto 2010; Istrate et al. 2014a). Only the orbital periods of the produced
ELM WDs will be different.
4.2.1 Hydrogen shell flashes and proto-WDs
After the RLO mass-transfer phase ends, the remaining donor star goes through a so-called (bloated)
proto-WD phase in which a significant part of the hydrogen left in the envelope is burned through stable
hydrogen shell burning. In addition to this, depending on the mass of the proto-WD, its metallicity and
the physics included in the modelling, hydrogen may be burned through short-lived phases of unstable
burning through CNO hydrogen shell flashes (e.g. Driebe et al. 1998; Althaus et al. 2001c; Nelson et al.
2004).
Figure 4.1 shows an example of the formation of an ELM WD through the LMXB channel, including
the evolution as a proto-WD as well as its further cooling. The stellar track is computed from the zero-
age main sequence (ZAMS) until the donor star reaches an age of 14 Gyr, points 0 and 12, respectively,
in Fig. 4.1. In this case, the star experiences one hydrogen shell flash. After the Roche-lobe detachment
(point 2), the proto-WD goes through a phase of contraction at almost constant luminosity and increasing
effective temperature (between points 2 and 3). The total luminosity is dominated by CNO burning
while the contribution due to release of gravitational binding energy from contraction is negligible.
When the proto-WD reaches point 3, which is at the beginning of the cooling branch, the temperature
in the burning shell is too low to sustain CNO burning, therefore the main contribution to the total
luminosity is for a while given by contraction, until the star switches to pp-burning. The unstable burning
starts around point 4 and CNO burning becomes dominant again. The increasing energy release during
the flash development creates a steep temperature gradient close to the location of maximum energy
production. This will give rise to a pulse-driven convection zone within the hydrogen burning shell.
After the convection zone is fully developed, the evolution becomes faster (between points 5 and 6).
Around point 7, the convection zone reaches the stellar surface, and consequently, its surface chemical
composition is altered. The maximum hydrogen luminosity reached during the flash is supplied by the
pp-burning, although the onset of the instability is triggered by the CNO cycling. Between points 7 and
8, the lower boundary of the pulse-driven convection zone moves upwards, and at point 8 it completely
vanishes. Beyond point 8, the contraction of the inner shells resumes, while the surface layers react by
expansion, resulting in a redward motion in the HR-diagram that almost brings the proto-WD back to
the red-giant branch. At point 9, the star fills its Roche lobe again and a short episode of mass transfer
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Figure 4.1: Hertzsprung-Russel (HR) diagram showing the formation and cooling of a 0.28 M helium WD
(produced in an LMXB) that undergoes a hydrogen shell flash. The initial progenitor mass is 1.4 M (Z = 0.02),
the neutron star mass is 1.2 M, and the initial orbital period is 5.0 days. See Table 4.1 for ages at each stage.
is initiated (between points 9 and 10) with a high mass-transfer rate that approaches ∼ 10−7 M yr−1.
After point 10, the star again evolves towards a high surface temperature at almost constant luminosity,
and before reaching the final cooling track, it develops a so-called subflash (near log Teff = 4.4). The
time intervals for each of the above described phases are shown in Table 4.1.
The proto-WD phase has an associated timescale, ∆tproto, which is the time it takes the star to evolve
(and contract) from the Roche-lobe detachment until it reaches its maximum effective temperature on
the (final) cooling track. In Fig. 4.1 this corresponds to the time interval during the evolution from
point 2 to point 11. The duration of this contraction phase is mainly given by the burning rate of the
residual hydrogen in the envelope. For evolved low-mass stars there is a well-known correlation between
the degenerate core mass and its luminosity (Refsdal & Weigert 1971). Therefore, after Roche-lobe
detachment, the rate at which the residual hydrogen in the envelope is consumed is directly proportional
to the luminosity and thus increases strongly with MWD. A detailed analysis of the dependence of ∆tproto
on the mass of the WD is given in Istrate et al. (2014b). This timescale is especially important in MSP
systems and should be added to the optically determined cooling age of the WD to yield the true age of
the recycled radio pulsar. Unfortunately, the true age of a recycled pulsar cannot be determined from
its characteristic spin-down age as this method has proved unreliable by a factor of 10 or more (Camilo
et al. 1994; Tauris 2012; Lorimer et al. 1995; Tauris et al. 2012).
Hydrogen shell flashes occur in a range of proto-WD masses that is dependent on the metallicity
and whether or not element diffusion is included in the modelling. The lower mass limit for flashes,
Mflash,min, is determined by the size of the burning shell, such that if Mproto−WD < Mflash,min, then the
shell is too thick to trigger unstable hydrogen burning. The upper mass limit, Mflash,max, is determined
by the cooling time of the burning shell, which needs to be long enough to avoid an extinction of the
shell before the instability is fully established (if Mproto−WD > Mflash,max, this condition is not fulfilled,
cf. Driebe et al. 1998). These conditions are altered when element diffusion is included (Althaus et al.
2001c), and this issue is investigated more carefully in Sect. 4.4.
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Table 4.1: Evolution as a function of time for a 0.28 M proto-WD evolving through a hydrogen shell flash, as
plotted in Fig. 4.1. The ZAMS is at point 0, and the onset of RLO (the LMXB phase) is at point 1. The relative age
is in comparison to the previous point of evolution and the WD age is with respect to the Roche-lobe detachment
(point 2). See text for more details.
Point Relative age (Myr) WD age (Myr)
0 – –
1 3330 –
2 217 0
3 4.92 4.92
4 6.63 11.5
5 57.1 68.7
6 0.0066 68.7
7 2.4× 10−5 68.7
8 3.8× 10−5 68.7
9 1.5× 10−5 68.7
10 3.1× 10−5 68.7
11 0.193 68.9
12 10 700 10 800
4.2.2 Age dichotomy in helium WD cooling?
The occurrence of hydrogen shell flashes, when element diffusion is taken into account, has been found
to be responsible for a dichotomy in the cooling ages of helium WDs (Althaus et al. 2001a; van Kerkwijk
et al. 2005; Althaus et al. 2013; Bassa et al. 2016). The occurrence of flashes in relatively massive helium
WDs (> 0.2 M), with initially thin hydrogen envelopes, leaves behind an even thinner envelope, giving
rise to relatively fast cooling. On the other hand, less massive (proto) helium WDs (< 0.2 M) have
thicker hydrogen envelopes after RLO, resulting in stable shell hydrogen burning, and will therefore
continue residual hydrogen burning on the cooling track on a long timescale.
Recently, Istrate et al. (2014b) found no evidence for such a dichotomy in the case of thermal evolu-
tion of proto-WDs but rather a smooth transition with the mass of the WD. The authors showed that the
thermal evolution timescale mainly depends on the proto-helium WD luminosity, which in turn depends
on the mass of the proto-WD and not on the occurrence of hydrogen shell flashes. These new findings
questioned whether a dichotomy exists in the cooling ages of ELM WDs and if the responsible process
might be the occurrence of hydrogen shell flashes.
4.2.3 Aims of this investigation of ELM WDs
The focus of this paper is on the proto-WD phase of ELM WDs, which are investigated through a
series of binary stellar evolution calculations of LMXBs. The following aspects are addressed: (i) the
hydrogen envelope mass as a result of binary evolution, (ii) the role played by rotational mixing in the
evolution of ELM proto-WDs, (iii) the influence of element diffusion and rotation on ∆tproto as well
as on the cooling timescale, (iv) the existence of a dichotomy in the cooling ages of ELM WDs as
a result of the occurrence of hydrogen shell flashes, (v) the presence of metals in the atmospheres of
proto-WDs, and (vi) the relation between the mass of a proto-WD and its orbital period at the end of
the mass-transfer phase. All these aspects are addressed not only as a function of the proto-WD mass,
but also as a function of metallicity. Answering these open questions is essential for understanding the
formation of ELM WDs and their age determination, for providing accurate models for astroseismology
57
Chapter 4 Models of ELM WDs including element diffusion and rotational mixing
calculations, and for determining the correct age of MSP binaries. This work extends the previous work
by Istrate et al. (2014b) by including element diffusion and rotational mixing in the evolution of the
donor star and during the proto-WD and the WD cooling phase. Moreover, the study is extended to
include the effect of metallicity as well, for which we investigate four metallicities: Z = 0.02, 0.01,
0.001, and 0.0002.
4.3 Numerical methods
The evolutionary tracks presented in this paper are calculated using the publicly available binary stellar
evolution code MESA, version 7624 (Paxton et al. 2011, 2013, 2015). The nuclear network used is
cno_extras.net and accounts for the CNO burning with the following isotopes: 1H, 3He, 4He, 12C,
13C, 13N, 14N, 15N, 14O, 15O, 16O, 17O, 18O, 17F, 18F, 19F,18Ne, 19Ne, 20Ne, 22Mg and 24Mg. Radiative
opacities are taken from Ferguson et al. (2005) for 2.7 ≤ log T ≤ 4.5 and OPAL (Iglesias & Rogers
1993, 1996) for 3.75 ≤ log T ≤ 8.7 and conductive opacities are adopted from Cassisi et al. (2007).
Convective regions are treated using the mixing-length theory (MLT) in the Henyey et al. (1965) formu-
lation with αMLT = 2.0. Transport of angular momentum is treated as a diffusive process which results
in rigid rotation in convective zones. The boundaries of convective regions are determined using the
Schwarzschild criterion. A step function overshooting extends the mixing region for 0.2 pressure scale
heights beyond the convective boundary during core H-burning.
We here refer to element diffusion as the physical mechanism for mixing of chemical elements that
is due to pressure gradients (or gravity, i.e. gravitational settling), temperature (thermal diffusion) and
composition gradients (chemical diffusion). Gravitational settling tends to concentrate heavier elements
towards the centre of the star. Thermal diffusion generally acts in the same direction, although to a
lesser degree, by bringing highly charged and more massive species towards the hottest region of the
star (its centre). Chemical diffusion, on the other hand, has the opposite effect (e.g. Iben & MacDonald
1985; Thoul et al. 1994). MESA includes the treatment of element diffusion through gravitational set-
tling, chemical and thermal diffusion (Thoul et al. 1994), and radiative accelerations (Hu et al. 2011).
Radiative forces are proportional to the reciprocal of the temperature and are thus negligible in hot re-
gions where nuclear burning is of importance. In addition, calculating these forces is computationally
demanding. We therefore here neglected the effects of radiative levitation (which is important for de-
termining photospheric composition of hot WDs (Fontaine & Michaud 1979). The detailed description
of how element diffusion is implemented in MESA can be found in Paxton et al. (2015). We take into
account the effects of element diffusion due to gravitational settling and chemical and thermal diffusion
for the following elements 1H, 3He, 4He, 12C, 13C, 14N, 16O, 20N, 24Mg, and 40Ca.
MESA includes the effects of the centrifugal force on stellar structure, chemical mixing, and transport
of angular momentum that is due to rotationally induced hydrodynamic and secular instabilities as de-
scribed in Heger et al. (2000). Here, we take into account the mixing due to dynamical shear instability,
secular shear instability, Eddington-sweet circulation, and Goldreich-Schubert-Fricke instability with a
mixing efficiency factor of fc = 1/30 (Heger et al. 2000). The mixing of angular momentum that is due
to dynamo-generated magnetic fields in radiative zones is also included (Spruit 2002; Heger et al. 2005)
as is the angular momentum transport due to electron viscosity (Itoh et al. 1987). A decrease of the
mean molecular weight with radius has a damping effect on mixing processes driven by rotation or even
prevents these from occurring. The strength of this effect is regulated by the parameter fµ, for which we
follow Heger et al. (2000) and set fµ=0.05.
The initial metallicity was set to Z = 0.02 (Y=0.28), with initial abundances from Grevesse & Sauval
(1998). The lower metallicities were obtained by scaling both X and Y by the same factor such that
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X + Y + Z = 1. For the WD evolution and for Teff < 10 000 K, the outer boundary conditions were
derived using non-grey model atmospheres (Rohrmann et al. 2012).
To calculate the rate of change of orbital angular momentum, we took into account contributions from
gravitational wave radiation, mass loss, magnetic braking, and spin orbit couplings:
J˙orb = J˙gwr + J˙ml + J˙mb + J˙ls , (4.1)
as described in Paxton et al. (2015). The contribution of spin-orbit couplings to J˙orb was computed by
demanding conservation of total angular momentum (except for losses due to gravitational wave radi-
ation, magnetic braking, and mass loss), that is, changes in spin angular momentum were compensated
for by changing the orbital angular momentum. The initial rotation velocity of the donor star was set by
requiring that its spin period be synchronized with the initial orbital period. The time evolution of the
angular velocity of the donor star is given by
dΩi
dt
=
Ωorb −Ωi
τsync
, (4.2)
where Ωi is the angular velocity of cell i (Detmers et al. 2008). The synchronization time, τsync was
calculated using the formalism of tidal effects from Hurley et al. (2002) and depends on whether the
envelope is convective or radiative.
4.3.1 Grid of models
To produce our grid of models, we followed the detailed binary evolution of the donor star from the
ZAMS until it reached an age of 14 Gyr. The neutron star was treated as a point mass. The final
outcome of these LMXB systems is very sensitive to the initial orbital period and to the treatment of
orbital angular momentum loss (e.g. Istrate et al. 2014a, and references therein).
We calculated binary tracks for four metallicities: Z = 0.02, 0.01, 0.001, and 0.0002. For each
metallicity, the models were divided into three categories: (i) basic models (with no diffusion nor rota-
tion), (ii) diffusion models (with element diffusion) and, (iii) diffusion+rotation models (with element
diffusion plus rotation). In both the diffusion and diffusion+rotation models, we included the effects of
centrifugal forces and angular momentum transport, which means that these two models only differ by
the presence of rotational mixing in the rotation models.
For Z = 0.02, the initial binary configuration has a 1.4 M donor star and a 1.2 M neutron star
accretor. For all the other metallicities, our models were calculated with a 1.0 M donor star and a
1.4 M neutron star (to facilitate direct comparison with previous work in the literature, see Sect. 4.5.2).
All the models were computed using a magnetic braking index of γ = 4, and we assumed that 30 per cent
of the transferred mass is ejected from the neutron star as a fast wind carrying its specific orbital angular
momentum. We note that the structure of the ELM WDs is not sensitive to the above choices of mass-
transfer parameters which only affect their final orbital periods. A comprehensive study of the influence
of the magnetic braking index and the accretion efficiency on LMXB evolution can be found in Istrate
et al. (2014a). We point out again that we here refer to the mass of the proto-WD as being the (bloated)
donor star mass at the end of the RLO mass-transfer phase (before the occurrence of flashes, which can
lead to additional mass-transfer episodes), and the mass of the WD as being the mass at the beginning
of the cooling track. We calculated models just above the bifurcation period, which is defined as the
shortest initial orbital period that produces a WD (e.g. Istrate et al. 2014a, and references therein).
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4.4 Results
4.4.1 General effects of element diffusion and rotational mixing
In the context of low-mass helium WDs, element diffusion was investigated in detail over the past
few years by the La Plata group (e.g. Althaus & Benvenuto 2000; Serenelli et al. 2001; Althaus et al.
2001a,c,b; Panei et al. 2007; Althaus et al. 2009, 2013) using the stellar evolution code LPCODE for
various ranges of helium WD masses and metallicity. To the best of our knowledge, there is only one
other study that used MESA for low-mass helium WDs (Gautschy 2013). Our models include element
diffusion from the ZAMS and not only from the proto-WD phase, as in the previous works. Moreover,
for the first time, we investigate in detail the role played by rotational mixing in addition to element
diffusion in the evolution of ELM WDs.
Element diffusion has a strong effect on the surface composition of a proto-WD and on the chemical
profile deep inside the star close to the helium core. At the surface, gravitational settling increases the
hydrogen abundance given that hydrogen is the lightest element. Close to the helium core boundary,
chemical diffusion tends to smooth it out by mixing the hydrogen downwards into hotter layers because
a large hydrogen abundance gradient exists. It has been shown that this hydrogen tail promotes the
occurrence of hydrogen shell flashes (e.g. Althaus et al. 2001a). Moreover, when element diffusion is
included, a proto-WD experiences more flashes than when diffusion is neglected (e.g. Althaus et al.
2001a). The WD mass interval in which they occur is also changed compared to the case when element
diffusion is ignored. The number of flashes and other information for all the models studied in this work
are given in Appendix B.
Figure 4.2 shows the evolution of surface gravity versus effective temperature for a proto-WD of ∼
0.23 M obtained from the following three model configurations: basic, diffusion, and diffusion+rotation.
The basic model experiences three hydrogen shell flashes, while the diffusion and the diffusion+rotation
models experience one additional flash. The radial expansion following the CNO burning is more pro-
nounced when element diffusion is included, in some cases leading to additional episodes of RLO. In
general, the models with diffusion and diffusion+rotation behave in a very similar way.
Figure 4.3 shows the evolution of hydrogen surface abundance (top panel) and log g (bottom panel)
for the same (proto)WDs as in Fig. 4.2. As already mentioned, gravitational settling changes the surface
abundances. All the elements heavier than hydrogen sink below the surface, leaving a pure hydrogen
envelope behind. When rotational mixing is included, gravitational settling and rotational mixing com-
pete with each other to determine the chemical composition of the surface. At the beginning of the
proto-WD phase, rotational mixing dominates. However, the surface gravity of the proto-WD increases
with time, while the efficiency of rotational mixing decreases, as described in Sect. 4.4.1. Thus, in later
phases of the evolution, the gravitational settling overcomes the mixing induced by rotation. By the
beginning of the last flash, the surface structure of the model that only includes element diffusion is
nearly identical to the structure of the model that includes both element diffusion and rotational mix-
ing. Helium in the envelopes of ELM proto-WDs is a crucial ingredient for exciting pulsation modes
through the κ−mechanism, as shown by Jeffery & Saio (2013) and Córsico et al. (2016) for radial and
nonradial modes. Gianninas et al. (2016) recently provided the first empirical evidence that pulsations
in ELM proto-WDs can only occur when a significant amount of helium is present in their atmospheres.
In contrast with evolutionary models that only include element diffusion, our new evolutionary models
including rotational mixing produce proto-WDs that have mixed He/H envelopes during most of their
evolution before settling on the cooling track.
Another effect of element diffusion, resulting mainly from the competition between chemical and thermal
diffusion, is the development of a hydrogen tail that reaches down into the hot helium-rich layers, as
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Figure 4.2: Post-RLO evolution of surface gravity versus effective temperature for a ∼ 0.23 M proto-WD pro-
duced from an LMXB donor star with Z = 0.01. Three different models are shown: basic configuration (top
panel), diffusion configuration (middle panel) and diffusion+rotation configuration (bottom panel). Note that the
computations are stopped when the age of the model star reaches 14 Gyr (since ZAMS).
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Figure 4.3: Evolution of hydrogen surface abundance (top panel) and log g (bottom panel) for the three proto-
WDs shown in Fig. 4.2 illustrating the effect of gravitational settling, rotational mixing and the mixing due to
convection zones developed during the hydrogen shell flashes on the surface composition of these objects.
shown in Fig. 4.4. This effect is responsible for the larger number of flashes compared to the case
where element diffusion is ignored (basic model). Rotational mixing is seen not to change the chemical
structure of the deep layers. This can also be concluded from the very similar behaviour in terms of the
number of flashes and the structure of the flashes in the case that includes both diffusion and rotation
compared to the case that only includes element diffusion, cf. Figs. 4.2 and 4.5.
In Fig. 4.5 we plot the luminosity produced by hydrogen burning versus the hydrogen envelope mass.
For all three models, around 70 per cent of the hydrogen remaining from the end of the LMXB phase
(Roche-lobe detachment) is processed before the occurrence of flashes while the bloated proto-WD
crosses the HR–diagram. The occurrence of additional flashes, which applies to the cases where element
diffusion is included, reduces the hydrogen envelope mass available on the cooling track (i.e. after
reaching maximum Teff , marked by squares in Fig. 4.5) by a factor of ∼ 3 compared with the basic
model. The basic model still experiences significant residual hydrogen burning on the cooling track.
As a result, the basic model only cools down to a temperature of Teff ≈ 8400 K within 14 Gyr (since
the ZAMS), while the two models that include diffusion will cool down to roughly Teff ≈ 4000 K (cf.
Fig. 4.2). The cooling properties of the ELM WDs are discussed in more detail in Sect. 4.4.5.
The orbital evolution of the models described above is shown in Fig. 4.6. One difference between the
three models is that those with element diffusion (and rotation) require a longer initial orbital period to
form approximately the same proto-WD. The orbital period at the Roche-lobe detachment is ∼7.05 days
for the model that includes diffusion and rotation, ∼ 6.73 days for the model with diffusion only, and
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Figure 4.4: Kippenhahn diagrams showing the proto-WD phase for the same systems as in Figure 4.2. The plots
show cross sections of the outer ∼ 0.01 M envelope of the proto-WD in mass coordinates, along the y-axis, as a
function of stellar age on the x-axis (relative to the ZAMS age). The green areas denote zones with convection; the
dotted white lines define lines of constant hydrogen abundance, 10−2 to 10−5 (from top to bottom). The intensity
of the blue and red colour indicates the hydrogen abundance by mass fraction, as shown on the colour scale to the
right. As a result of different input physics, the proto-WDs have slightly different masses and ages. See text for
details. 63
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Figure 4.5: Hydrogen burning luminosity versus hydrogen envelope mass, for the same systems as in Fig. 4.2. The
grey stars represent the moment of Roche-lobe detachment while the grey squares denote the point of maximum
effective surface temperature. The evolution is from the right to the left.
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mass transfer, the grey stars represent Roche-lobe detachment and the grey squares mark the maximum Teff .
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Figure 4.7: Kippenhahn diagram for the same proto-WD as in Fig. 4.4, including both element diffusion and
rotational mixing. The intensity of the orange and indigo colour indicates the ratio of the spin angular velocity
to the orbital angular velocity, Ω/Ωorb, as shown on the colour scale to the right. The green areas and the dotted
white lines have the same meaning as in Fig. 4.4. The black arrows point to the position of the profiles in Fig. 4.8.
∼5.19 days for the basic model. As the diffusion-induced flashes are stronger and because almost every
flash causes the star to expand and fill its Roche lobe again, the mass-transfer episodes widen the orbit
during each flash. In the end, this effect accounts for an increase of a few per cent in the orbital period.
Rotational mixing
As shown in Fig. 4.7, the tidal coupling is strong enough to completely synchronize the donor with the
orbit up until the end of the LMXB phase. This changes dramatically after detachment from the Roche
lobe; while the helium core barely contracts and spins up only slightly above the orbital frequency,
the extended hydrogen envelope spins up significantly during contraction, resulting in strong shear at
the core-envelope boundary. As hydrogen flashes develop and the star expands and then contracts,
the envelope successively spins down and up, with the rotational period at the surface of the proto-
WD at its maximum being up to 20 times shorter than the orbital period. Even though the proto-WD
expands back and fills its Roche lobe during flashes, these phases are very short. The convective layers
developed during the flashes disappear well before the next phase of Roche–lobe overflow such that
tidal synchronization past the LMXB phase is negligible.
Although a strong shear is developed, the composition gradients that help stabilize the instabilities
driven by rotation prevent the mixing of elements and angular momentum from the envelope to the core.
This is shown in Fig. 4.8, where the different processes contributing to the angular momentum diffusion
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coefficient, ν are shown at four different times. As depicted in the first panel, there is a very steep H-
gradient immediately after a flash (and also after detachment from the LMXB phase) that completely
prevents mixing to the core. As burning proceeds between flashes (second and third panels in Fig. 4.8),
the H-gradient is softened and starts to move outwards in mass, which allows some angular momentum
to be transported to the core mainly through magnetic torques from the Spruit-Tayler dynamo. Finally,
after settling on the cooling track (final panels panel in Figs. 4.7 and 4.8), most of the remaining hydro-
gen has been burnt, and angular momentum has mixed efficiently between the envelope and the core.
Despite the small mass of the envelope relative to the total WD mass, this results in the WD having a
spin period more than four times shorter (i.e. faster) than its orbital period.
Because we have assumed that magnetic torques do not contribute to the mixing of elements, rotational
mixing in our models barely affects the formation of the hydrogen tail due to element diffusion, and
thus has a weak effect on the strength and the occurrence of flashes. At the surface, however, the fast
rotation induces element mixing through Eddington-Sweet circulation (see Fig. 4.8), which counteracts
the rapid settling of elements heavier than hydrogen.
4.4.2 Effect of metallicity
For a given stellar mass, decreasing the metallicity produces a decrease in the radiative opacity which has
an impact on the stellar evolution. The ZAMS and the RGB-phase are shifted towards the blue region
of the HR-diagram, with the luminosity and effective temperature being higher during these phases than
for models at solar metallicity. In other words, at low metallicity stars tend to be hotter, have smaller
radii, and evolve more quickly than their high-metallicity counterparts. An immediate consequence of
lower metallicities is therefore a higher mass of the helium WD formed through the LMXB phase at a
given initial orbital period because the Roche lobe is filled at a more advanced stage in the evolution as
a result of the smaller radius.
As previously demonstrated by Serenelli et al. (2002b) and Nelson et al. (2004), the threshold mass
for the occurrence of hydrogen shell flashes increases with lower metallicity. This is confirmed by our
calculations, as shown in Table 4.2. For example, for the basic models (without diffusion and rotation),
the minimum mass above which the flashes occur is ∼ 0.21 M for Z = 0.02, ∼ 0.22 M for Z = 0.01,
∼0.25 M for Z = 0.001, and ∼0.28 M for Z = 0.0002.
Models with element diffusion have lower threshold values for flashes to occur, with the following
dependence on metallicity: all the models studied for Z = 0.02 experience flashes, the lowest mass
proto-WD produced being 0.167 M. For Z = 0.01 flashes occur above 0.169 M, for Z = 0.001 the
limit is ∼0.22 M, while for Z = 0.0002 the lower threshold value is ∼0.26 M. When rotational mixing
is included, all the threshold values are slightly higher than only diffusion is included, cf. Table 4.2. The
upper limit for the occurrence of flashes is not as well constrained because fewer models are calculated
models in this mass range, given that the focus of this work is towards the lowest masses of helium WDs,
which are the ELM WDs. The obtained limits for hydrogen shell flashes agree well with those found
in the literature for low metallicity (Serenelli et al. 2001), but at solar metallicity we obtain somewhat
lower values than Althaus et al. (2013).
The change in metallicity not only affects the threshold for flashes, but also the extent of the loops in
the HR diagram. In Fig. 4.9 the formation and evolution of a proto-WD with a mass of ∼ 0.28 M is
shown in the HR-diagram for all the investigated metallicities. The lower the metal content, the weaker
the CNO burning, and thus the loops during the CNO flashes are markedly less extended than in models
with higher metallicity. Moreover, the number of flashes increases with decreasing metallicity: while
the models for Z = 0.02 and Z = 0.01 experience just one hydrogen shell flash, the model at Z = 0.001
goes through two flashes, and at Z = 0.0002 the star experiences three hydrogen shell flashes. The
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Figure 4.9: HR-diagram showing
the formation and evolution of a
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Table 4.2: Proto-WD mass ranges for hydrogen shell flashes. For a given model category and a given metallicity,
the threshold mass for flashes also depends on the initial mass of the donor star.
Z category Mflash,min (M) Mflash,max (M)
0.02 basic 0.212 0.305−0.319
0.02 diffusion <0.167 >0.392
0.02 diffusion+rotation <0.167 >0.321
0.01 basic 0.222 0.305−0.375
0.01 diffusion 0.167 >0.291
0.01 diffusion+rotation <0.181 >0.32
0.001 basic 0.249 0.349−0.422
0.001 diffusion 0.223 >0.322
0.001 diffusion+rotation 0.232 >0.32
0.0002 basic 0.282 0.356−0.441
0.0002 diffusion 0.266 >0.311
0.0002 diffusion+rotation 0.275 >0.292
interval of masses for which flashes occur is also affected by metallicity. For Z = 0.02 and Z = 0.01,
a 0.28 M helium WD is close to the upper mass limit where hydrogen shell flashes occur, while for
Z = 0.001 and Z = 0.0002, a 0.28 M helium WD is located close to the lower mass limit of the
hydrogen shell flash interval. We stress that the number of flashes decreases with increasing mass of the
WD and varies between 0 and 7 flashes for our computed models (see Appendix B).
4.4.3 Inheritance of proto-WDs: the hydrogen envelope mass
Figure 4.10 shows the hydrogen envelope mass at the end of the mass-transfer phase (Roche-lobe de-
tachment), MH,det, as a function of the proto-WD mass for all the computed models. For a given metal-
licity, the models with diffusion and with diffusion+rotation have very similar values of MH,det as the
basic models. The general trend is that the lower the mass of the proto-WD, the higher MH,det. The
features in MH,det are given by the evolutionary history of the progenitor (donor) star and depend on
the point in its evolution at which mass transfer is initiated. We note a jump in the hydrogen envelope
mass at ∼ 0.21 M, ∼ 0.23 M, ∼ 0.29 M, and ∼ 0.34 M for Z = 0.02, Z = 0.01, Z = 0.001,
and Z = 0.0002, respectively. This can be understood as discussed below. The shell hydrogen burning
produces a convective envelope. When the convective envelope reaches its deepest extent, a hydrogen
abundance gradient is produced between the region of the star mixed by the convective envelope and the
layers below (which are rich in helium). When the hydrogen burning shell passes through this chemical
discontinuity, the hydrogen burning rate drops, the radius contracts on a Kelvin-Helmholtz timescale
and, as a result, the mass transfer will cease. The same phenomenon is responsible for the occurrence of
the luminosity bump in red-giant stars (e.g. Thomas 1967; Christensen-Dalsgaard 2015), first discussed
in the context of temporary Roche-lobe detachment in LMXBs in Tauris & Savonije (1999).
The interruption of the mass transfer can be a temporary effect if the envelope is massive enough, such
that when the burning shell has passed through the discontinuity, the star still has enough material to
burn and can therefore resume its mass transfer. If its envelope has been stripped to a greater extent, then
the donor star is unable to resume mass transfer and a proto-WD is formed. This discontinuity in MH,det,
observed at all the metallicities studied, distinguishes the systems that undergo this type of temporary
detachment (the systems on the right-hand or upper side of the discontinuity) from the systems in which
the hydrogen shell burning passes through the hydrogen abundance discontinuity without being able to
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resume mass transfer afterwards (the systems on the left-hand or lower side of the discontinuity). This
explains the increasing values of MH,det with Mproto−WD just below the discontinuity.
4.4.4 ∆tproto: the contraction timescale for proto-WDs
As has been discussed earlier in this work, after the end of the LMXB mass-transfer phase, a certain
amount of time, ∆tproto, is required by the newly formed object, the proto-WD, to contract and reach
its cooling track. This timescale, from Roche-lobe detachment to the beginning of the cooling track
(defined as when Teff reaches its maximum value), depends on the mass of the proto-WD and can reach
up to 2 Gyr for the lowest mass proto-WDs (Istrate et al. 2014b) down to 10 − 100 Myr for the highest
mass helium WDs. More importantly, Istrate et al. (2014b) have shown that ∆tproto is not influenced
by the occurrence of hydrogen shell flashes, and consequently, the suggested dichotomy in WD cooling
times produced by hydrogen flashes was called into question.
The determination of ∆tproto is important, especially for determining the age of MSPs with helium
WD companions independently of the spin-down of the MSP (e.g. van Kerkwijk et al. 2005; Antoniadis
et al. 2012; Bassa et al. 2016). During this phase, the proto-WD appears to be bloated, meaning that
its radius is significantly larger than the radius of a cold WD of similar mass. As the timescale for this
contraction phase (∆tproto) is predicted to be relatively long, a number of ELM WDs should be observed
in this bloated stage. One example suggested by Istrate et al. (2014b) is PSR J1816+4510, based on
observations by Kaplan et al. (2012, 2013).
Figure 4.11 shows ∆tproto for all our computed models. One feature is the occurrence of clustering
in the data that groups the proto-WDs that undergo the same number of flashes (see Appendix B). As
discussed before, the models with diffusion only and diffusion+rotation behave in a very similar way.
In general, ∆tproto is larger than in the basic models when diffusion is included because of the additional
flashes. For Z = 0.02 and Z = 0.01 there is a smooth transition of ∆tproto around the limit of the oc-
currence of flashes (models that experienced hydrogen shell flashes are plotted with open symbols). We
recall that for these high metallicities all the models with diffusion only and diffusion+rotation (except
for the model with the lowest mass at Z = 0.01) undergo unstable burning through CNO hydrogen shell
flashes. However, for Z = 0.001 and Z = 0.0002 we note a slight increase in ∆tproto around the lowest
threshold for flashes for all models where diffusion is included.
The maximum value of Teff reached during the proto-WD phase, however, is very sensitive to both
the time and the spatial resolution with which the stellar structure is computed. With this in mind, and
taking into account that ∆tproto is relatively small around the lowest threshold for flashes at these low
metallicities the results shown in Fig. 4.11 do not present evidence for a dichotomy in ∆tproto that is
due to hydrogen flashes. However, for the long-term evolution on the WD cooling track the situation is
different, as we discuss below.
4.4.5 Dichotomy on ELM WD cooling tracks
The hydrogen envelope mass is an important parameter that determines the long-term cooling timescale
for WDs. Following the work of Istrate et al. (2014b), we consider the beginning of the cooling track as
the moment at which the proto-WD reaches its maximum value of Teff . Figure 4.12 shows the remaining
hydrogen envelope mass when the proto-WD reaches the maximum Teff (MH,Teff,max) and finally settles
on the cooling track, as a function of the mass of the proto-WD. Again, the large scatter is related
to the number of flashes (between 0 − 7) that the proto-WD experiences. At all metallicities we note
a jump in MH,Teff,max that occurs at the lowest threshold for flashes. At low metallicities, the effect is
more pronounced in models with diffusion and diffusion+rotation, whereas at Z=0.02 the discontinuity
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Figure 4.10: Hydrogen envel-
ope mass at the end of the
mass-transfer phase (Roche-
lobe detachment) for the basic
stars (purple circles), for the
stars with diffusion only (or-
ange stars) and for the stars
with diffusion+rotation (blue
squares) for Z = 0.02 (top
panel), Z = 0.01 (second
panel), Z = 0.001 (third panel)
and Z = 0.0002 (bottom panel)
as a function of proto-WD
mass. The grey shaded area
denotes the stars that undergo a
temporary Roche-lobe detach-
ment (see text for details).
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Figure 4.11: ∆tproto for the basic models (purple circles), for the models with diffusion only (orange stars), and
for the models with diffusion+rotation (blue squares) as a function of proto-WD mass for Z = 0.02 (top panels),
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Figure 4.12: Hydrogen envel-
ope mass at the beginning
of the cooling track (max-
imum Teff) for the basic mod-
els (purple circles), for the
models with diffusion only (or-
ange stars) and for the models
with diffusion+rotation (blue
squares) as a function of proto-
WD mass. See Fig. 4.11 for
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is only seen in the basic models (all the systems for which element diffusion is considered experience
hydrogen flashes). When element diffusion is included, the hydrogen envelope mass at the beginning
of the cooling track is typically twice as small as when element diffusion is neglected (basic models),
except for models at low metallicities and masses below the flash threshold. This significantly affects
the cooling times of these objects.
For example, consider an ELM WD with a mass of ∼ 0.20 M. Figure 4.12 shows that flashes at high
metallicities (Z = 0.02 and Z = 0.01) cause the amount of remaining hydrogen envelope mass at T maxeff
(MH,Teff,max ∼ 1.0× 10−3 M) to be up to five times smaller than for the cases with lower metallicities
(Z = 0.001 and Z = 0.0002) where flashes do not develop and a thick ∼5.0×10−3 M residual hydrogen
envelope remains at the onset of the cooling track. Hence, it is clear that we do see a dichotomy in the
long-term cooling ages of ELM WDs, such that those proto-WDs that experience flashes will have thin
hydrogen envelopes and therefore shorter cooling timescales, whereas proto-WDs that avoid flashes will
have relatively thick hydrogen envelopes and cool on a much longer timescale. It is important to stress
that the threshold mass at which this transition occurs is dependent on metallicity.
We now analyse the dichotomy in long-term cooling in more detail. Figure 4.13 shows the time
from the end of the LMXB mass transfer until the WD luminosity reaches log(L/L) = −2.0, tcool,L−2
(including ∆tproto). Some of our computed models are not plotted because they reached an age of 14 Gyr
before log(L/L) = −2.0. For the basic models, independent of metallicity, there is a small difference
in cooling times between the WDs that experience flashes and those for which the hydrogen burning in
the shell is stable. However, for the WDs computed with diffusion and diffusion+rotation, the difference
in cooling times between systems with and without flashes can be as large as 3 Gyr, see Fig.4.14. We
conclude that when element diffusion is included, the occurrence of hydrogen shell flashes does indeed
produce a (metallicity-dependent) dichotomy in the cooling times of helium WDs.
Only when element diffusion is neglected in the modelling there is no or only a very small difference
between the WDs that experience unstable hydrogen burning compared to those for which the residual
hydrogen burning is stable, independent of metallicity. This can explain the findings of Istrate et al.
(2014b), who evolved their stellar models without element diffusion and thus questioned the dichotomy
idea.
4.5 Discussion
4.5.1 Rotational mixing: source of surface metals?
In the past few years, metals, especially calcium, were detected in the spectra of ELM WDs with a
surface gravity lower than ∼5.9. Metals sink below the atmosphere on a timescale much shorter than the
evolutionary timescale of the proto-WD, which means that another process is required to either counter-
act the gravitational settling or replenish the depleted metals. There are several possible processes that
can be responsible for the observed surface composition of ELM WDs. For a detailed discussion, we
refer to Gianninas et al. (2014a) and Hermes et al. (2014b). For higher mass (carbon-oxygen) WDs, the
presence of metals in their atmosphere is explained by accretion from circumstellar debris discs formed
by tidal disruption of planetary bodies (e.g Debes & Sigurdsson 2002; Jura et al. 2007), which are de-
tectable through excess flux in the IR (e.g Farihi et al. 2009; Kilic et al. 2006). This scenario seems
unlikely for ELM WDs given that their compact orbits make the existence of a debris disk dynamically
difficult to explain.
Kaplan et al. (2013) suggested that the observed metals are brought to the surface by the pulse-
driven convection developed during a hydrogen shell flash. However, shortly after the convection zone
vanishes, the metals will sink below the stellar surface as a result of gravitational settling.
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Figure 4.14: Different cooling curves illustrating the differences between basic models (without diffusion and
rotation) and models that include element diffusion and rotation. All models have a metallicity of Z = 0.001. The
value of MWD/M is shown for each track, and the difference in masses can partly explain the different cooling
rates. However, more important in this respect is the occurrence of hydrogen shell flashes (blue and green curves),
which accelerates the cooling and creates a dichotomy in WD cooling ages (see text).
A mechanism that can counteract diffusion would be radiative levitation. However, as Hermes et al.
(2014a) showed, radiative levitation alone cannot explain the observed abundances, especially in the
case of calcium. They suggested that in addition to radiative levitation, another support mechanism
such as rotational mixing is likely required to explain the observed pattern in the metal abundances of
ELM WDs. Here, we discuss the effect of rotational mixing in determining the surface composition of
ELM WDs.
Figure 4.15 shows the evolution of log (Ca/H) at the stellar surface from the beginning of the proto-
WD phase (Roche-lobe detachment) to several hundred Myr onto the cooling track. In the model that
only includes diffusion calcium sinks much faster beneath the surface than the proto-WD evolutionary
timescale after the mass transfer ends. It is brought back to the surface through to the pulse-driven
convection zone that is developed by the occurrence of a hydrogen shell flash, only to quickly sink
again as a result of the gravitational settling. In the diffusion+rotation model, rotational mixing at the
surface acts against the gravitational settling (see Sect. 4.4.1). As the proto-WD advances towards higher
surface gravity, rotational mixing becomes less efficient than gravitational settling. During the proto-
WD phase, the star may experience several episodes of radial expansion followed by contraction and
may also develop zones of convection through the hydrogen flashes. This interplay between convection,
expansion (low surface gravity), contraction (high surface gravity), and rotational mixing explains the
pattern shown in Fig. 4.15. When the proto-WD enters the cooling track, the surface gravity steadily
increases and gravitational settling finally overcomes the mixing that is due to rotation. As a long-term
result, the metals will sink below the surface, leaving behind a pure hydrogen envelope.
We plott in Fig. 4.16 all the models with Z = 0.02 computed with diffusion only (left panel) and diffu-
sion+rotation (right panel). The points are spaced at intervals of 0.5 Myr and colour-coded according to
the value of log (Ca/H). Over-plotted are the data points from Gianninas et al. (2014a). The left panel
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Figure 4.15: Evolution of log (Ca/H) at the stellar surface (top panel) and log g (bottom panel) for a 0.185 M
proto-WD computed with diffusion only (orange) and diffusion+rotation (blue) for Z=0.02. The starting point
(t = 0) is defined at the moment of Roche-lobe detachment.
clearly shows that the flash scenario discussed above cannot explain the observations. On the other
hand, when rotational mixing is included, we can qualitatively explain the presence of calcium in the
spectra of proto-WDs as a natural result of their evolution. We recall that the observational data most
likely belong to populations with different metallicities, while in Fig. 4.16 we only plot our models with
Z = 0.02. The lack of observations of proto-WDs at high Teff arises because the detection limit of Ca
lines depends on the effective temperature (see Fig. 9 in Gianninas et al. (2014a)).
4.5.2 Comparison with previous work
As discussed in Gianninas et al. (2015) and Bours et al. (2015), the models of Istrate et al. (2014b)
(from here on I14) and Althaus et al. (2013)(A13) show a relatively large discrepancy in their cooling
ages. Although the initial binary parameters, and to some extent the metallicities, are different in the
two sets of models, the main difference is that the models of A13 include element diffusion, which has
an important role in reducing the hydrogen envelope mass through flashes (cf. Sect. 4.4.5), and thus
consequently leads to accelerated cooling and therefore younger cooling ages than in I14 models.
Here, we compare our new models including element diffusion (but without rotational mixing to
enable comparison) (I16) with the A13 models. We also adopted the same initial binary parameters,
namely a 1.0 M donor star and a 1.4 M neutron star accretor, and also applied the same metallicity of
Z = 0.01. A13 found that the lower mass limit for which hydrogen shell flashes occur is somewhere in
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Figure 4.18: Evolutionary tracks in the (Teff , log g)–diagram for the same models as in Fig. 4.17. The circles,
stars, and squares indicate cooling ages of 1, 4, and 8 Gyr, respectively. For the 0.18 M WD, the 1 Gyr symbols
for the two models almost coincide. Moreover, we note that the models from this work are only calculated to an
age of 14 Gyr, which prevents cooling ages exceeding 3 Gyr for the 0.18 M model and 6 Gyr for the 0.27 M
model.
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the interval 0.176 − 0.182 M (i.e. between the last model with stable shell burning and the first model
that experiences flashes), while we find a lower mass limit of 0.165 − 0.169 M.
Figure 4.17 compares the I16 models with those of A13 by showing the evolution of luminosity pro-
duced by CNO burning as a function of hydrogen envelope mass for a ∼ 0.18 M and a ∼ 0.27 M
(proto) helium WD. One important difference is the hydrogen envelope mass left at Roche-lobe detach-
ment. For the 0.18 M WD, the model of I16 initially has a more massive hydrogen envelope, while
for the 0.27 M WD it is the opposite. We mention again that in our models diffusion acts from the
ZAMS, in contrast with the A13 models, where diffusion is turned on during the proto-WD evolution.
Figure 4.17 also shows that the A13 models contain a numerical artefact by which hydrogen is created
during CNO burning (see inset).
In Fig. 4.18 we present a (Teff , log g)–diagram and compare the evolutionary tracks from Fig. 4.17.
The main difference are additional mass-transfer episodes in the I16 models as a result of a few vigorous
flashes. This effect will in the end leave a slightly lower WD mass at the beginning of the cooling track.
These differences in proto-WD evolution, combined with the artificial creation of hydrogen in the A13
models, result in slight differences on the cooling track. However, the difference between the A13
models and the I16 models are significantly smaller than when comparing the A13 models with the I14
models (Gianninas et al. 2015; Bours et al. 2015).
4.5.3 Relation of mass to orbital period in WDs
When low-mass stars (< 2.3 M) reach the red-giant branch, the radius of the star mainly depends on
the mass of the degenerate helium core and is almost entirely independent of the mass of the envelope
(Refsdal & Weigert 1971; Webbink et al. 1983). For the formation of binary MSPs, this relation proves
to be very important because it provides a correlation between the mass of the newly formed WD and
Porb following the mass transfer episode (Savonije 1987; Joss et al. 1987; Rappaport et al. 1995; Tauris
& Savonije 1999; Nelson et al. 2004; De Vito & Benvenuto 2010; Lin et al. 2011; Shao & Li 2012; Jia
& Li 2014; Istrate et al. 2014a).
Figure 4.19 shows the (MWD, Porb)-relation for all the models computed in this work. Our results are
in fine agreement with Tauris & Savonije (1999) for systems with Porb > 1 − 2 days. For close-orbit
systems with Porb < 1 day our results agree well with Lin et al. (2011) and Istrate et al. (2014a). We
note a slight discontinuity in the relation, which is dependent on metallicity as discussed in Sect. 4.4.3.
This weak break in the (MWD, Porb)-relation was previously reported by other authors (e.g. Nelson et al.
2004; Jia & Li 2014).
4.6 Conclusions
We computed a grid of models for ELM WDs with different metallicities. For each metallicity, we
computed three types of models with different physics included: i) basic models (with no element
diffusion nor rotation), ii) diffusion (including element diffusion), and iii) diffusion+rotation. For the
first time, we took into account the combined effects of rotational mixing and element diffusion in
the evolution of WD progenitors and during the proto-WD phase and WD cooling. The main results
obtained are summarized as follows:
(i) We confirm that element diffusion plays a significant role in the evolution of proto-WDs that exper-
ience hydrogen shell flashes. We also confirm that the unstable burning is triggered by the diffusive
hydrogen tail reaching the hot deep layers inside the star (Althaus et al. 2001a). The formation
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Figure 4.19: (MWD, Porb)-
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panel), Z = 0.01 (second
panel), Z = 0.001 (third
panel), and Z = 0.0002
(bottom panel). The grey
shaded area denotes the
LMXB systems that undergo
a temporary detachment (see
text). The purple circles
represent the basic models, the
orange stars the models with
diffusion only and the blue
squares the models with dif-
fusion+rotation. Over-plotted
are the theoretical relations
by Tauris & Savonije (1999)
and Lin et al. (2011) for the
respective metallicity.
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of the hydrogen tail is a cyclic process and depends on the available hydrogen in the envelope.
Consequently, the number of flashes experienced by a proto-WD of a given mass is increased,
leading to reduced hydrogen envelope mass and subsequent accelerated cooling, compared with
the models without element diffusion.
(ii) Rotational mixing counteracts the effect of gravitational settling in the surface layers of young
bloated ELM proto-WDs, but its efficiency is reduced towards the end of the proto-WD phase,
when the star contracts and its surface gravity increases. As a consequence, our new evolutionary
models including rotational mixing predict that ELM proto-WDs have mixed H/He envelopes
during a significant part of their evolution before settling on the cooling track, in accordance with
recent observational evidence from pulsations in ELM proto-WDs (Gianninas et al. 2016). Except
for this, the general properties, such as the number of flashes, are not strongly influenced by the
presence of rotational mixing.
(iii) Although the hydrogen envelope left after detachment from the LMXB phase is a small fraction
of the total WD mass, it has a very high angular momentum content compared to the core. Be-
cause the proto-WD contracts while this hydrogen is burnt and angular momentum mixes inwards
following each flash, the resulting WD on the cooling track is spun up significantly to a rotation
period well below the orbital period.
(iv) The hydrogen envelope mass in newborn proto-WDs is influenced by the evolutionary stage of
the donor star at the moment when LMXB mass transfer is initiated. In particular, we found
that LMXB donor stars that experience a temporary contraction will produce proto-WDs with a
significantly reduced hydrogen envelope mass at the moment of the final Roche-lobe detachment.
In general, the shorter the orbital period at the onset of the LMXB phase, the lower the mass
of the proto-WD and the higher the final envelope mass. The hydrogen envelope mass is also
metallicity dependent, such that (for the same proto-WD mass) the lower the metallicity, the higher
the envelope mass.
(v) In general, our resulting mass range for the occurrence of flashes is similar to those found in the
literature. For Z = 0.02, all our models with diffusion experience flashes, and for Z = 0.01 we
obtain a lower limit of ∼0.16 M, compared to ∼0.18 M found by Althaus et al. (2013).
(vi) We identified two timescales relevant for understanding the evolution of (proto) WDs. The evolu-
tionary timescale of the contraction of proto-WDs, ∆tproto, can reach up to 2.5 Gyr for the lowest
proto-WD masses, while for the higher WD masses it is < 100 Myr. When element diffusion
is included, this timescale is slightly increased by more numerous flashes than for the case when
element diffusion is neglected. As concluded in Istrate et al. (2014b), we did not find a dichotomy
in the ∆tproto distribution with respect to the occurrence of flashes, but rather a smooth transition.
However, we note a small increase in ∆tproto close to the flash limit for Z = 0.001 and Z = 0.002.
The cooling timescale tcool,L−2 describes the evolution of the WD from LMXB detachment until
the WD has evolved well down the cooling track and reaches log (L/L) = −2. This timescale
is mostly determined by the hydrogen envelope mass that remains after the proto-WD phase. In
the basic models (without element diffusion or rotation), independent of metallicity, there is a
very small difference between the models that experience flashes and those that do not. However,
we confirm, as first stated by Althaus et al. (2001a), that the situation is different when element
diffusion is included, which leads to a dichotomy in the cooling timescale of ELM WDs.
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(vii) We investigated whether the observed metal features in ELM proto-WDs might be linked to the in-
ternal evolution of these objects. In particular, we analysed the evolution of the surface abundance
of calcium and concluded that rotational mixing is a key component for producing the observed
pattern in the (log g,Teff)–diagram.
The systematic investigation presented here for the effects of thermal and chemical diffusion, gravita-
tional settling, and rotational mixing on a wide range of LMXBs with different initial masses, orbital
periods, and metallicity, leads us to conclude that theoretical models must include these aspects when
they are compared to observational data of ELM WDs. Hence, with these improved models at hand,
the implications are better constraints on the true ages and masses of these WDs and therefore also on
the ages and masses of their companion stars, such as millisecond radio pulsars. Moreover, the grid of
models we presented might be further used for astroseismology calculations to determine the pulsational
behaviour of ELM proto-WDs and ELM WDs.
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CHAPTER 5
Summary and conclusions
There is no real ending. It’s just the place where you stop the story.
Frank Herbert
Millisecond pulsars (MSPs) are classical pulsars that have been spun up by accreting mass and angular
momentum from a binary companion, through the so-called recycling process. During the mass-transfer
phase, the system can be detected as an X-ray binary. Compared to the classical rotation-powered
pulsars, MSPs have shorter periods (Pspin < 30 ms), smaller period derivatives, and weaker magnetic
fields. Since the first MSP discovered in 1982, we know now of more than 330 MSPs, including 130
discovered in globular clusters. The majority of these are found in binaries, and even the isolated
MSPs are though to have a binary origin where the former companion star was evaporated after the
energetic radio MSP turned on after being recycled. The population of companions found orbiting
an MSP seems to be a rather diverse one, containing objects such as Jupiter-mass planets, solar-mass
main-sequence stars, bloated post-main-sequence non-degenerate companions1, low-mass helium white
dwarfs (He WDs), carbon-oxygen white dwarfs (CO WDs) and neutron stars (NSs). Recent discoveries
of exotic systems such as the triple MSP system J0337+1715 (Ransom et al. 2014b) and the double
pulsar J0737-3039 (Lyne et al. 2004), suggest that we are still far from having a complete picture of the
evolutionary channels leading to MSP systems.
A handful of MSPs are found in very compact orbits, Porb ' 2 − 9 hr, around low-mass helium-core
WDs with masses below ∼ 0.3 M and surface gravities 5 < log g < 7, the so-called extremely low-
mass white dwarfs (ELM WDs). However, this type of objects are not only detected in MSP systems
– the majority of them are found in binary systems with a more massive CO WD. With over 80 such
objects currently known exhibiting such rather puzzling properties, ELM WDs became a hot research
topic in the last couple of years. Some of the most striking properties, such as the chemical composition
of their surface layers and their pulsational behaviour shown during different evolutionary phases, call
for an improvement of the theoretical evolutionary models.
In this thesis, we investigated two main problems: i) the formation of MSPs observed in compact or-
bits with orbital periods between Porb ' 2 − 9 hr descending from low-mass X-ray binaries (LMXBs),
treated in Chapter 2, and ii) the formation of ELM WDs and their subsequent evolution, with an em-
phasis on the proto-WD phase, described in Chapters 3 and 4.
5.1 Millisecond pulsars in compact orbits
Regarding the formation scenario of radio MSPs in tight binaries (Porb ' 2−9 hr) with ELM WD com-
panions, the following questions were addressed: (i) whether the observed systems can be reproduced
1 0.01 < Mcomp/M < 0.4, observed in eclipsing radio MSP binaries called black-widow and redback systems.
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by theoretical modelling using standard prescriptions of orbital angular momentum loss, (ii) whether
our computations of the Roche-lobe detachments can match the observed orbital periods and finally (iii)
whether the correlation between WD mass and orbital period is valid for systems with Porb < 2 days.
In order to answer these questions, we analysed the binary interaction in LMXB systems using BEC,
a stellar evolutionary code developed by the Bonn group. LMXBs are binary systems in which a low-
mass star, with an initial mass below 1.6 M, transfers some of its mass and angular momentum to a NS
companion. The mass transfer episode will be initiated as a result of radial expansion of the donor due to
its nuclear evolution or shrinkage of the orbit due to loss of orbital angular momentum via gravitational
wave radiation and magnetic braking. As a consequence, the final outcome of such systems is highly
dependent on the initial orbital period. In this framework, the magnetic braking mechanism is one of the
most uncertain processes. The most commonly used formulation of magnetic braking in LMXB systems
is based on an empirical model which was developed in early 1980s from the observed spin-down rate
of low-mass stars.
In this thesis, a large grid of models for LMXBs were computed, consisting of different initial donor
masses and NS masses, as well as different values for the so-called γ-index of magnetic braking. For
each of these sets of parameters, we explored a range of initial orbital periods in a systematic survey,
yielding a total of almost 400 models. Our work showed that the orbital properties of the observed radio
MSP systems with Porb ' 2 − 9 hr and ELM WD companions can be reproduced for each set of these
initial parameters. However, a severe fine-tuning is required for the initial orbital period in order to
reproduce the observed systems. This fine-tuning issue has been reported before in the literature in the
modelling of ultra-compact X-ray binaries. Based on a comparison with observational data of binary
pulsars, we argue that such a fine-tuning is unlikely from a statistical point of view and that something
needs to be modified or is missing in the standard input physics of LMXB modelling. We refer to
this issue as the orbital period fine-tuning problem. Moreover, we demonstrate that the theoretically
calculated (MWD − Porb) relation is also valid for systems with Porb < 2 days, although with a larger
scatter for He WD masses between 0.15 − 0.20 M due to a dependence on the initial mass of the WD
progenitors.
The reported problem of orbital fine-tuning in the modelling of radio MSPs calls for a follow-up
investigation. An improvement of our model would be the use of a more realistic approach of the
magnetic braking mechanism. For solar-like single stars, magnetohydrodynamic simulations recently
became available in which the modelling of the magnetic braking due to magnetized stellar winds,
properly includes the dependence on the strength of the magnetic field, mass–loss rate, stellar radius,
surface gravity and spin rate, for both slow and fast rotators (e.g. Matt et al. 2012). On the other hand,
effects such as the irradiation of the donor star by the pulsar wind and the existence of a circumbinary
disk should also be included. Finally, a population synthesis study of MSPs in compact orbits is required
in order to properly compare the theoretical predictions with the observed orbital period distribution.
5.2 Formation and evolution of extremely low-mass white dwarfs
In the context of ELM WDs, we focused on the thermal evolution and the contraction phase towards the
WD cooling track, i.e. the proto-WD phase. The proto-WD phase is the evolutionary phase from the
end of the mass transfer in a binary system until the remaining donor, i.e. the proto-WD, finally settles
on its WD cooling track. A timescale is associated with this evolutionary phase, the so-called ∆tproto.
A determination of ∆tproto is crucial when one uses the cooling time of the WD companion to get an
accurate independent estimate of the age of a MSP system. The reason is that ∆tproto should be added
to the derived cooling age to achieve the total age of the MSP since its formation via recycling. This
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result can be compared to the kinematic spin-down age of the MSP, whereby we can learn about the
spin evolution of the MSP. The proto-WD phase is extremely important for the further cooling evolution
of the WD, through processes affecting the hydrogen envelope left on top of the helium core after the
binary interaction – for example, the residual nuclear burning in a hydrogen shell. As a handful of the
recently observed ELM WDs appear to be found in this evolutionary stage, a detailed investigation of
the proto-WD phase is required in order to understand their observed features, such as the presence of
metals in their atmospheres.
During the proto-WD phase, the remaining hydrogen left after the binary detached undergoes burning
in a shell surrounding the helium core. If this burning is unstable, i.e. if a runaway-type process with
a CNO hydrogen flash develops, it forces the proto-WD to cross backwards in the HR–diagram while
the radius is drastically increased. As a result of such hydrogen shell flashes, only a thin hydrogen
envelope will be left on top of the helium core, in contrast to a thick hydrogen envelope in the case of
stable hydrogen shell burning. The WD cooling timescale is determined mostly by the size its envelope.
Consequently, a dichotomy is thought to be produced in the cooling of ELM WDs due to the prior
evolution during the proto-WD phase, i.e. systems that experience hydrogen shell flashes will have a
much faster cooling evolution compared to those that undergo stable residual burning.
In Chapter 3, we investigated in detail the proto-WD phase using the large grid of models computed
in Chapter 2. We have shown that for detached low-mass proto-He WDs, ∆tproto ≤ 2 Gyr, i.e. they
may spend up to 2 Gyr in the contraction phase from the Roche-lobe detachment until they reach the
WD cooling track. As a result, we expect a fair number of He WDs to be present in this bloated phase,
in agreement with recent observations. The value of ∆tproto decreases strongly with increasing mass
of the proto-He WD. This can be understood from the well-known correlation between the degenerate
core mass and luminosity of an evolved low-mass star. After Roche-lobe detachment, the rate at which
the residual hydrogen in the envelope is consumed is directly proportional to the luminosity and thus
it depends on the mass of the WD. We found ∆tproto ∝ M−7WD. Moreover, we showed that the value of
∆tproto is not particularly sensitive to the occurrence or absence of flashes and thus we questioned the
suggested dichotomy in the cooling times of He WDs.
The La Plata group in Argentina showed in a series of papers that element diffusion, i.e. gravita-
tional settling and thermal and chemical diffusion, plays a significant role in the evolution of low-mass
He WDs, a process which was neglected in our initial investigation. However, as pointed out by Nelson
et al. (2004), element diffusion is an extremely fragile process and turbulence can mitigate its effects.
In Chapter 4, we extended our initial study on the formation and evolution of ELM WDs by taking
into account element diffusion and, for the first time in the context of WDs, rotational mixing. In
particular, the following topics were addressed: (i) the mass of the hydrogen envelope as a result of
binary evolution, (ii) the role played by rotational mixing in the evolution of ELM proto-WDs, (iii)
the influence of element diffusion and rotation on ∆tproto as well as on the cooling timescale, (iv) the
existence of a dichotomy in the cooling ages of ELM WDs as a result of the occurrence of hydrogen
shell flashes, (v) the presence of metals in the atmospheres of proto-WDs and (vi) the relation between
the mass of the proto-WD and its orbital period at the end of the mass-transfer phase.
Using the publicly available binary stellar evolution code MESA, we computed more than 300 evol-
utionary tracks producing WDs with masses between ∼ 0.16 − 0.45 M. As ELM WDs have been
discovered in various environments, from the Galactic disk to open and globular clusters, we took into
account different initial metallicities, namely Z=0.02, 0.01, 0.001 and 0.0002. For each metallicity, we
divided our models into three categories, depending on the included physics: (i) basic models (with no
diffusion and no rotation), (ii) diffusion models (with element diffusion only) and (iii) rotation models
(with both element diffusion and rotation), and systematically compared their properties. The initial
rotational velocity of the donor star was set by requiring that its spin period is synchronized with the
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initial orbital period. Further studies should take into account that this assumption might not hold, and
investigate different initial spin periods for the main sequence star.
The hydrogen envelope mass in a newborn proto-WD is a result of binary interactions and depends
on the evolutionary stage of the donor star at the moment when mass transfer is initially activated. In
particular, we find that the LMXB donor stars which evolve through a so-called temporary detachment
(caused by a temporary contraction of the donor star which occurs when the H-burning shell crosses
the hydrogen abundance discontinuity left behind by the convective envelope, leading to a temporary
cease the mass transfer) will produce proto-WDs in which the hydrogen envelope mass is significantly
smaller. Although showing some spread, in general, the lower the mass of the produced proto-WD, the
higher the hydrogen envelope mass. Moreover, metallicity also plays an important role, such that, for
the same proto-WD mass, the lower the metallicity, the higher the envelope mass.
Our results confirm that element diffusion plays an important role on the evolution of proto-WDs which
experience hydrogen shell flashes. When element diffusion is accounted for, the unstable burning is
triggered by the diffusive hydrogen tail resulting from the thermal and chemical diffusion, which reaches
inside the hot deep layers close to the helium core. The formation of this hydrogen tail is a cyclic process
and depends on the available hydrogen in the envelope. Consequently, the number of flashes experienced
by a proto-WD of a given mass is increased compared to the models without diffusion. Due to these
hydrogen shell flashes, the hydrogen envelope mass will be greatly reduced and the subsequent cooling
phase is accelerated. In other words, if element diffusion is included, the occurrence of hydrogen shell
flashes produces a clear dichotomy in the cooling timescales of ELM WDs. Moreover, the threshold
at which this dichotomy occurs is dependent on metallicity. However, the evolutionary timescale of
proto-WDs, ∆tproto, is even slightly increased due to more numerous flashes compared to the case when
element diffusion is neglected – confirming our conclusion from Chapter 3 on the large value of ∆tproto
for ELM WDs.
Rotational mixing is found to counteract the effect of gravitational settling in the surface layers of
young, bloated ELM proto-WDs and therefore plays a key role for determining their surface chemical
abundance. However, it does not affect the internal structure of the proto-WDs, i.e. the formation of
diffusive hydrogen tails, implying that the diffusion models and the rotation models exhibit very similar
evolutionary timescales. Moreover, our results suggest that the spin frequencies of the WDs resulting
on the cooling track are well above their orbital frequencies. At this point, there are no accurate enough
measurements of the spin period of ELM WDs, so our work calls for further dedicated observations on
the rotation periods of ELM WDs to put our predictions to the test.
The new evolutionary models including element diffusion and rotational mixing presented in this
thesis have a great potential for further studies on pulsations. While writing this section, three ELM proto-
WDs with mixed H/He atmospheres have been discovered (Gianninas et al. 2016), showing optical vari-
ability in the range 320−590 s. This range of pulsation periods is consistent with theoretical predictions
of p-mode pulsations in equilibrium2 WDs models with mixed atmospheres and a mass of ∼ 0.18 M.
However, a proper analysis of realistic evolutionary models is needed. As we have shown in this thesis,
rotational mixing inhibits the settling of helium in the surface layers of proto-WDs, in contrast to the
pure hydrogen envelopes produced when just element diffusion is taken into account. The pulsational
analysis of the models presented in this thesis is currently investigated. If rotation models can explain
the existence of the ELM proto-WD pulsators, this would provide one more piece of observational
evidence that, indeed, rotational mixing plays a key role in the proto-WD phase of these objects.
2 For envelope models specified by fixed values of effective temperature, surface gravity, mass and a variable value of the
envelope composition.
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In this work, we explored the formation of ELM WDs descending from LMXB systems, with an ini-
tial mass of the main-sequence donor star of 1.1 and 1.4 M. It has been shown in Istrate (2015) that the
hydrogen envelope mass at the end of the mass-transfer phase depends on the initial mass of the donor
star. In a future study, one should extend the grid of models including element diffusion and rotational
mixing for a larger range of initial donor star masses.
The surface composition of ELM proto-WDs is determined by the interplay of several processes, i.e.
gravitational settling, rotational mixing and radiative levitation. Radiative levitation has been neglected
in this study, due to the huge computational time required. Therefore, a future study in which element
diffusion, rotational mixing as well as radiative levitation are all included is required for a quantitative
analysis of the surface composition of ELM WDs.
The majority of ELM WDs are found orbiting a more massive CO WD. The models presented in this
thesis, along with the evolutionary models currently available in the literature, are computed in the
LMXB framework in which the accretor is a NS treated as a point mass. This assumption is probably
fairly correct as various studies, including the current one, show that the mass of the NS accretor does
not play a role in determining the properties of the resulting ELM WD, but only affects the final orbital
period. However, evolutionary models for the formation of ELM WDs, taking into account that the
accretor is another WD should be performed in the future. Such studies would push forward our under-
standing of the formation and evolution of the ELM WD population and would be a valuable input for
binary population synthesis investigations for a direct comparison with observations.
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APPENDIX A
Additional information regarding the
proto-WD phase
A.1 Observational data and time evolution in the (Teff, log g)–diagram
In Fig. A.1 we have plotted points for fixed time intervals of evolution along a number of selected tracks
from Fig. 3.1. The density of points along these curves combined with the (proto) WD luminosities at
these epochs can be used to evaluate the probability of detecting them. For a direct comparison with data
population synthesis needs to be included to probe the distribution of WD masses. The observational
data plotted in Fig. 3.1 were taken partly from the sources given in Table A.1 (primarily He WDs with
MSP companions, main-sequence A-star companions, or He WDs that have been detected to show
pulsations). Additional data for the plotted symbols can be found in Silvotti et al. (2012); Hermes et al.
(2013b); Brown et al. (2013).
A.2 The (proto) WD contraction phase
Fig. A.2 shows the time ∆tproto it takes from Roche-lobe detachment until the proto-He WD reaches its
highest value of Teff and settles on the cooling track. Shown in this plot are all our calculated models
for progenitor stars of 1.2 and 1.4 M (i.e. a subset of the models plotted in Fig. 3.2). The black
line (Eqn. 3.1) is an analytical result obtained from a somewhat steep core mass–luminosity function
(L ∝ M 7WD) combined with the assumption (for simplicity) that in all cases 0.01 M of hydrogen is
burned before reaching the highest Teff . The figure shows that this line also serves as a good approximate
fit to our calculated models. For a given He WD mass, the fit to ∆tproto calculated from our models is
accurate to within 50%.
A.3 Nuclear burning during flashes
To compare the burning of residual envelope hydrogen for a case with and without large thermal in-
stabilities (hydrogen shell flashes), we have plotted tracks in the HR–diagram shown in Fig. A.3. The
age of the stars and the total amount of hydrogen remaining in their envelopes are given in Table A.2
for the points marked in the figure. These models were chosen very close to (but on each side of)
Mflash ' 0.21 M, in both cases for a 1.3 M progenitor star. As discussed in the main text, although
the peak luminosity is high during a flash (and thereby the rate at which hydrogen is burned), the star
only spends a relatively short time (∼ 106 yr) in this epoch. (For more massive He WDs it is even less
time – for example, it only lasts ∼ 103yr for a 0.27 M He WD.) Therefore, the amount of additional
hydrogen burned as a result of flashes is relatively small. In the example shown in Fig. A.3 it amounts
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Table A.1: Observational data of a number of low-mass He WDs (and proto-He WDs), preferentially in tight binary systems.
He WD log g (cm s−2) Teff (K) MWD (M) Porb (hr) Optical data
PSR J0337+1715 5.82 ± 0.05 15 800 ± 100 0.197 ± 0.0002 39.12 Kaplan et al. (2014b)
PSR J0348+0432 6.035 ± 0.06 10 120 ± 90 0.172 ± 0.003 2.46 Antoniadis et al. (2013)
PSR J0751+1807 7.41 ± 0.48 3 900 ± 400 0.138 ± 0.0006a 6.31 Bassa et al. (2006b)
PSR J1012+5307 6.75 ± 0.07 8 550 ± 25 0.16 ± 0.02 14.51 van Kerkwijk et al. (1996); Callanan et al. (1998)
PSR J1738+0333 6.45 ± 0.07 9 130 ± 150 0.182 ± 0.016 8.52 Antoniadis et al. (2012)
PSR J1816+4510 4.9 ± 0.3 16 000 ± 500 ∼0.21 ± 0.02b 8.66 Kaplan et al. (2012, 2013)
PSR J1909−3744 6.77 ± 0.04 9 050 ± 50 0.2038 ± 0.0022 36.72 Antoniadis (2013)
PSR J0024−7204Uc ∼5.6 ∼11 000 ∼0.17 10.29 Edmonds et al. (2001)
PSR J1911−5958Ac 6.44 ± 0.20 10 090 ± 150 0.175 ± 0.010 20.64 Bassa et al. (2006a)
NLTT 11748 6.35 ± 0.03 7 600 ± 120 0.149 ± 0.013 5.64 Kaplan et al. (2014a)
KOI−74 6.51 ± 0.14 13 000 ± 1000 0.22 ± 0.03 125.53 van Kerkwijk et al. (2010)
KOI−1224 5.75 ± 0.06 14 700 ± 1000 0.22 ± 0.02 64.75 Breton et al. (2012)
KIC 10657664 5.50 ± 0.02 14 600 ± 300 0.26 ± 0.04d 78.55 Carter et al. (2011)
SDSS J184037.78 6.49 ± 0.06 9 390 ± 140 ∼0.17 4.59 Hermes et al. (2013b)e, f
SDSS J111215.82 6.36 ± 0.06 9 590 ± 140 ∼0.17 4.14 Hermes et al. (2013b)e, f
SDSS J151826.68 6.90 ± 0.05 9 900 ± 140 ∼0.23 14.62 Hermes et al. (2013b)e, f
J1614 6.66 ± 0.14 8 800 ± 170 ∼0.19 – Hermes et al. (2013b) f
J2228 6.03 ± 0.08 7 870 ± 120 ∼0.16 – Hermes et al. (2013b) f
a D. Nice, private comm. (2014).
b Based on Kaplan et al. (2013). See also Istrate et al. (2014a) for further comments on the component masses of this source.
c The WD is most likely to have formed in this globular cluster binary given that the eccentricity is e < 10−5, as expected from recycling.
d Carter et al. (2011) found two possible solutions for MWD (0.26 M and 0.37 M). This WD has Porb = 3.3 days and thus we adopt the lower
value of MWD since this is agrees much better with the known (MWD, Porb)-correlation (see Tauris & Savonije 1999, for discussions).
e See additional references therein.
f Pulsating He WDs, see Córsico & Althaus (2014a) for recent theoretical modelling.
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A.3 Nuclear burning during flashes
Figure A.1: Selected tracks (Fig. 3.1) with a point marked for a time interval of 1 Myr (triangle), 50 Myr (square),
100 Myr (circle), and 1 Gyr (star).
to about 12% of the total amount of hydrogen at the point of Roche-lobe detachment. Hence, the flashes
may appear to reduce ∆tproto by ∼ 100 Myr. However, one must bear in mind that the proto-WDs that
experience flashes are also the WDs with the least amount of hydrogen in their envelopes after RLO.
For a star that experiences flashes, the residual hydrogen present in the envelope following the LMXB-
phase is processed roughly as follows: 70% during the epoch from Roche-lobe detachment until reach-
ing highest Teff , 10% during the flashes, and 20% after finally settling on the WD cooling track.
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Figure A.2: Calculated models of proto-He WDs from Fig. 3.2 for M2 = 1.2 M (orange) and M2 = 1.4 M
(blue). The black line is a fit to the data. It can also be derived analytically using a modified core mass–luminosity
relation for low-mass evolved stars, combined with an assumed fixed amount of residual hydrogen (0.01 M) to
be burned. The red line separates models with and without flashes.
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Table A.2: Ages and remaining hydrogen of the two proto-He WDs shown in Fig. A.3. The points N1...N4 are for
the non-flashing 0.212 M WD model and the points F1...F9 are for the 0.221 M flashing WD model.
Point Relative agea Total ageb Hydrogenc
(10−3 M)
N1 0 0 13.68
N2 341 Myr 341 Myr 2.94
N3 1 900 Myr 2 240 Myr 0.79
N4 8 231 Myr 10 470 Myr 0.67
F1 0 0 7.78
F2 107 Myr 107 Myr 2.71
F3 31 Myr 138 Myr 2.45
F4 1536 yr 138 Myr 2.45
F5 5.1 Myr 143 Myr 2.22
F6 20 Myr 163 Myr 2.06
F7 1536 yr 163 Myr 2.05
F8 3.6 Myr 166 Myr 1.75
F9 2 089 Myr 2 255 Myr 0.85
a Age relative to the previous point along the track.
b Cumulated age relative to the first point on the track (since the time of Roche-lobe detachment).
c Total amount of hydrogen remaining in the envelope of the (proto)-He WD.
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Figure A.3: Evolutionary tracks in the HR–diagram for a 0.221 M proto-He WD with flashes (brown) and for a
0.212 M proto-He WD without flashes (blue). See Table A.2 for data.
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Appendix B Properties of the computed models
Table B.1: Properties of selected models. The quantities given are (1st–7th column): the (proto) WD mass, the
number of hydrogen shell flashes, the orbital period and the hydrogen envelope mass at Roche-lobe detachment,
the hydrogen envelope mass at maximum Teff , ∆tproto, and the time interval (cooling timescale) from Roche-lobe
detachment until the WD reaches a luminosity of log(L/L) = −2.
.
Z = 0.02, basic models (no element diffusion nor rotation)
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.171 0 0.451 0.827 3.02 1500 5820
0.180 0 0.767 0.867 3.01 1000 5630
0.180 0 0.779 0.869 3.01 993 5620
0.184 0 0.961 0.887 3.05 846 4850
0.191 0 1.38 0.952 3.01 672 4860
0.202 0 2.14 1.13 2.93 430 4060
0.205 0 2.34 1.19 2.91 392 3900
0.206 0 2.43 1.23 2.90 377 3850
0.208 0 2.53 1.26 2.88 364 3760
0.209 0 2.63 1.30 2.86 352 3690
0.210 0 2.73 1.34 2.83 342 3630
0.211 0 2.71 0.817 2.81 174 3430
0.213 3 2.94 0.808 1.72 274 2530
0.213 3 2.94 0.808 1.79 268 2570
0.214 3 3.05 0.804 1.68 261 2490
0.216 3 3.28 0.794 1.64 237 2410
0.216 3 3.40 0.790 1.59 221 2350
0.219 3 3.76 0.777 1.55 200 2280
0.233 2 6.89 0.692 1.50 97.1 2090
0.242 2 9.81 0.646 1.16 107 1840
0.250 2 12.8 0.614 0.905 153 1570
0.256 1 16.0 0.587 1.26 44.6 1810
0.261 1 19.0 0.566 1.22 46.1 1800
0.265 1 21.9 0.549 1.13 48.0 1720
0.268 1 24.5 0.534 1.05 50.1 1660
0.271 1 26.9 0.523 0.996 52.2 1610
0.274 1 29.3 0.513 0.945 54.3 1550
0.276 1 31.5 0.504 0.889 56.3 1490
0.278 1 33.7 0.496 0.868 58.2 1460
0.280 1 35.8 0.489 0.835 60.1 1410
0.282 1 37.8 0.482 0.805 61.9 1360
0.283 1 39.8 0.476 0.779 63.7 1320
0.285 1 41.7 0.470 0.755 65.4 1270
0.287 1 45.5 0.460 0.670 68.9 1070
0.305 1 75.6 0.404 0.451 105 477
0.319 0 111 0.365 0.965 1.76 1310
0.343 0 202 0.307 0.775 0.838 1130
0.378 0 414 0.255 0.581 0.351 907
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Table B.2: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.02, diffusion
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.167 24 0.401 0.823 0.951 2230 2610
0.168 26 0.431 0.843 1.12 2130 2650
0.172 12 0.541 0.885 0.818 1940 2190
0.174 10 0.623 0.904 0.557 2050 2080
0.186 6 1.08 0.948 0.899 1160 1500
0.191 6 1.35 0.963 0.674 1020 1130
0.195 6 1.63 0.984 0.563 907 945
0.202 5 2.14 1.05 0.689 636 755
0.210 4 2.72 0.811 0.930 316 638
0.215 4 3.40 0.775 0.806 264 495
0.218 5 3.89 0.753 0.662 256 392
0.230 3 6.45 0.672 0.753 134 387
0.235 3 7.79 0.644 0.606 129 299
0.239 4 9.16 0.620 0.540 121 263
0.243 3 10.6 0.600 0.448 123 234
0.246 4 12.0 0.582 0.390 128 218
0.260 3 19.0 0.526 0.191 184 205
0.277 3 32.6 0.467 0.365 54.9 242
0.286 3 43.2 0.441 0.316 52.1 246
0.298 2 60.0 0.409 0.246 50.7 242
0.317 1 97.5 0.363 0.487 11.5 328
0.333 2 157 0.331 0.416 9.96 322
0.344 2 201 0.307 0.366 9.17 308
0.393 2 532 0.242 0.211 7.03 298
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Table B.3: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.02, diffusion+rotation
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.167 23 0.412 0.848 1.07 2340 2770
0.175 10 0.628 0.929 0.794 1910 2170
0.182 8 0.886 0.948 0.725 1430 1600
0.185 7 1.03 0.954 0.821 1220 1500
0.190 6 1.33 0.963 0.956 976 1350
0.198 6 1.92 0.992 0.981 666 1030
0.205 5 2.44 1.05 0.691 558 684
0.212 4 3.03 0.775 0.801 309 531
0.215 4 3.51 0.739 0.755 266 460
0.217 5 3.76 0.723 0.659 265 398
0.220 5 4.27 0.692 0.572 253 339
0.221 4 4.53 0.678 0.557 234 319
0.226 4 5.61 0.627 0.336 288 303
0.232 3 7.01 0.572 0.719 119 361
0.236 3 8.44 0.539 0.563 117 272
0.241 3 9.88 0.517 0.476 116 234
0.248 3 12.8 0.485 0.346 127 204
0.261 3 20.0 0.438 0.578 51.1 299
0.266 3 23.4 0.494 0.502 53.4 275
0.278 3 33.6 0.463 0.365 54.8 247
0.284 2 39.9 0.446 0.319 52.8 243
0.287 2 43.8 0.438 0.299 52.7 242
0.290 2 47.4 0.431 0.274 52.3 238
0.293 2 52.6 0.421 0.273 51.8 241
0.306 2 74.2 0.389 0.208 51.4 241
0.317 1 97.6 0.363 0.491 11.6 327
0.322 1 108 0.353 0.469 11.1 326
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Table B.4: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.01, basic models (no element diffusion nor rotation)
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.176 0 0.676 0.981 3.16 869 0.00
0.192 0 1.58 0.937 3.07 371 2200
0.205 0 2.76 0.944 3.08 277 1120
0.217 0 4.05 1.16 3.06 188 3310
0.222 4 4.56 1.32 1.77 281 2460
0.228 3 5.05 1.51 1.66 234 2290
0.230 3 5.19 0.804 1.65 125 2120
0.237 2 6.71 0.756 1.33 122 1920
0.243 2 8.26 0.721 1.60 70.3 2020
0.248 2 9.82 0.694 1.43 71.6 1930
0.256 1 12.7 0.654 1.16 89.2 1740
0.261 1 15.2 0.627 1.55 33.9 1890
0.269 1 19.7 0.593 1.32 34.7 1740
0.273 1 21.7 0.581 1.26 35.6 1720
0.284 1 30.5 0.539 1.03 41.2 1540
0.297 1 44.2 0.494 0.787 51.0 1320
0.305 1 55.5 0.467 0.669 59.6 1110
0.375 0 277 0.310 0.698 0.487 1010
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Table B.5: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.01, diffusion
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.165 0 0.340 0.904 4.45 1580 0.00
0.170 7 0.458 0.946 0.807 2380 2750
0.171 5 0.501 0.950 0.967 2320 2780
0.175 5 0.651 1.02 0.980 1910 2350
0.181 7 0.937 1.05 0.589 1500 1590
0.203 6 2.97 0.927 0.804 487 731
0.212 5 4.26 1.01 0.707 390 572
0.223 5 5.53 1.30 0.448 405 447
0.232 4 6.74 0.784 0.593 183 339
0.238 4 8.33 0.745 0.411 201 268
0.240 2 8.99 0.729 1.23 130 1810
0.243 3 9.98 0.712 0.808 94.8 415
0.248 3 11.6 0.685 0.654 95.9 335
0.252 3 13.2 0.664 0.561 97.2 293
0.255 4 14.7 0.646 0.475 102 261
0.260 3 17.4 0.617 0.371 114 232
0.265 3 19.9 0.596 0.299 127 219
0.271 3 24.2 0.566 0.658 47.1 342
0.274 2 26.2 0.555 0.572 47.6 311
0.279 3 29.9 0.536 0.534 48.5 301
0.283 2 33.2 0.522 0.474 49.2 283
0.286 2 36.4 0.510 0.425 49.6 268
0.291 2 42.0 0.491 0.377 50.3 260
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Table B.6: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.01, diffusion+rotation
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.182 7 1.01 1.04 0.873 1390 1740
0.183 6 1.09 1.04 0.898 1270 1620
0.187 7 1.34 1.04 0.946 1070 1460
0.192 7 1.72 1.02 0.957 823 1210
0.195 7 1.92 1.02 0.790 777 1020
0.197 6 2.14 0.983 0.995 615 1020
0.206 5 3.32 0.958 0.689 491 652
0.216 5 4.59 1.09 0.824 339 618
0.226 4 5.79 1.41 0.870 264 596
0.234 4 7.05 0.775 0.543 187 317
0.239 4 8.58 0.740 0.399 199 262
0.244 3 10.2 0.709 0.723 102 378
0.248 3 11.7 0.684 0.660 95.1 342
0.252 4 13.2 0.663 0.565 98.9 293
0.258 3 16.0 0.631 0.401 111 240
0.262 3 18.5 0.608 0.326 121 222
0.265 3 19.9 0.596 0.299 127 219
0.275 2 26.8 0.551 0.579 48.1 314
0.279 2 30.4 0.533 0.501 48.9 289
0.301 2 54.3 0.460 0.290 52.3 251
0.324 1 90.6 0.401 0.556 12.3 368
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Table B.7: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.001, basic models (no element diffusion nor rotation)
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.182 0 0.471 1.48 3.74 1100 2640
0.190 0 0.674 1.55 3.71 816 2860
0.207 0 1.45 1.58 3.64 387 3550
0.211 0 1.75 1.56 3.62 314 3410
0.228 0 3.49 1.44 3.44 142 2760
0.234 0 4.62 1.37 3.32 102 2610
0.238 0 5.38 1.32 3.25 85.5 2470
0.246 0 7.22 1.23 3.10 60.2 2310
0.252 3 8.90 1.17 1.85 88.9 1760
0.256 4 10.4 1.10 1.87 72.2 1720
0.260 4 11.8 1.05 1.63 73.2 1630
0.263 3 13.0 1.02 1.79 60.6 1690
0.266 3 14.0 0.999 1.97 61.7 1780
0.274 3 17.5 1.01 1.48 61.8 1540
0.282 3 20.0 1.16 1.27 65.5 1430
0.289 2 22.0 1.42 1.55 43.1 1510
0.302 2 26.9 0.861 1.11 45.5 1310
0.309 1 31.9 0.815 1.56 15.6 1450
0.328 1 49.1 0.708 1.16 16.6 1270
0.340 1 63.7 0.648 0.950 18.9 1150
0.350 1 76.9 0.607 0.810 21.4 1090
0.423 0 258 0.385 0.781 0.406 875
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Table B.8: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.001, diffusion
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.180 0 0.466 1.50 5.00 1280 0.00
0.183 5 0.582 1.58 4.86 1160 0.00
0.190 0 0.800 1.64 4.63 886 5900
0.196 0 1.05 1.67 4.44 692 5830
0.217 1 2.65 1.60 3.87 261 3920
0.230 4 4.59 1.46 1.21 289 805
0.239 6 6.61 1.35 0.840 227 589
0.245 5 8.54 1.27 0.958 155 580
0.250 2 10.3 1.20 0.674 168 451
0.254 2 11.9 1.15 0.651 153 429
0.264 2 16.7 1.01 0.668 122 412
0.268 1 18.5 0.985 0.518 149 360
0.271 1 19.9 0.986 0.462 153 341
0.280 3 23.4 1.11 0.756 77.6 438
0.314 1 41.4 0.785 0.339 76.9 282
0.322 3 49.7 0.734 0.676 28.1 452
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Table B.9: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.001, diffusion+rotation
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.179 0 0.477 1.54 5.30 1310 0.00
0.183 0 0.572 1.59 5.18 1140 0.00
0.190 0 0.783 1.65 4.86 891 2300
0.196 0 1.03 1.68 4.62 702 2230
0.216 0 2.59 1.59 4.02 270 4180
0.228 0 4.55 1.43 3.74 144 2800
0.237 4 6.58 1.32 1.18 233 0.00
0.244 1 8.49 1.23 0.646 246 496
0.250 5 10.2 1.18 0.986 138 582
0.254 5 11.7 1.16 0.803 132 487
0.260 5 14.4 1.07 0.808 109 479
0.275 1 21.1 1.03 0.443 144 326
0.287 1 25.0 1.35 0.489 102 332
0.296 2 27.3 0.910 0.725 50.4 435
0.303 1 32.3 0.858 0.558 58.0 351
0.314 1 41.5 0.785 0.341 78.9 284
0.322 1 49.7 0.734 0.644 28.3 428
106
Table B.10: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.0002, basic models (no element diffusion nor rotation)
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.214 0 0.900 2.10 3.78 533 3550
0.227 0 1.61 2.10 3.74 318 2980
0.247 0 3.86 1.90 3.58 131 2350
0.260 0 6.21 1.74 3.42 76.6 2110
0.268 0 8.30 1.63 3.28 54.9 1940
0.274 0 10.1 1.56 3.17 43.9 1870
0.278 0 11.6 1.51 3.10 37.4 1810
0.282 0 12.8 1.47 3.03 33.2 1780
0.284 1 13.9 1.43 2.44 41.0 1750
0.287 3 14.9 1.40 1.98 47.6 1480
0.289 4 15.8 1.38 1.84 47.0 1410
0.290 4 16.6 1.36 1.83 45.6 1410
0.292 4 17.3 1.34 1.73 44.7 1370
0.293 3 18.0 1.32 1.96 36.1 1420
0.295 3 18.7 1.31 1.82 37.0 1370
0.297 3 19.9 1.28 1.60 39.2 1310
0.302 4 23.1 1.20 1.50 36.9 1270
0.305 3 25.0 1.16 1.90 25.6 1380
0.308 4 26.8 1.12 1.61 31.8 1310
0.313 3 30.2 1.07 1.65 27.2 1300
0.317 2 33.4 1.04 1.85 20.0 1340
0.320 2 34.9 1.05 1.74 20.4 1300
0.322 2 36.4 1.06 1.65 21.0 1280
0.327 2 39.1 1.12 1.47 23.2 1210
0.329 2 40.4 1.18 1.38 25.0 1180
0.336 2 43.1 1.39 1.13 33.4 1100
0.340 1 44.6 1.55 1.68 16.0 1250
0.342 1 45.5 1.06 1.62 11.6 1220
0.356 1 57.5 0.901 1.32 10.7 1110
0.441 0 232 0.514 0.940 0.552 829
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Table B.11: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.0002, diffusion
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.226 0 1.78 2.23 4.18 374 4060
0.234 0 2.54 2.17 4.01 265 3670
0.244 0 4.00 2.03 3.81 166 3240
0.246 0 4.40 2.00 3.77 149 3130
0.255 0 6.38 1.86 3.60 98.3 2830
0.263 0 8.56 1.74 3.43 69.8 2640
0.269 5 10.5 1.66 1.19 122 735
0.273 0 12.1 1.60 3.22 46.4 2420
0.277 4 13.5 1.55 0.919 110 569
0.282 4 15.9 1.48 0.944 89.1 573
0.286 5 17.8 1.43 0.952 76.1 574
0.289 5 19.4 1.39 0.678 100 441
0.290 5 20.1 1.38 0.644 103 420
0.291 4 20.8 1.36 1.03 59.3 639
0.297 4 24.3 1.28 1.04 48.8 664
0.300 4 26.3 1.24 0.899 53.4 570
0.311 5 34.8 1.08 0.657 66.5 412
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Table B.12: Properties of selected models. See Table B.1 for a description of the parameters.
Z = 0.0002, diffusion+rotation
Mass (M) # flashes Porb,det (d) MH,det (10−2 M) MH,Teff,max (10−3 M) ∆tproto (Myr) tcool,L−2 (Myr)
0.212 0 0.902 2.17 4.79 621 0.00
0.236 0 2.90 2.13 4.11 229 3290
0.250 0 5.32 1.92 3.77 121 3100
0.259 0 7.67 1.76 3.61 80.9 2830
0.266 0 9.76 1.65 3.51 61.8 0.00
0.270 0 11.5 1.57 3.46 51.0 2590
0.274 0 13.1 1.52 3.40 44.5 2560
0.277 3 14.4 1.47 1.08 115 688
0.280 5 15.6 1.43 1.19 89.2 779
0.282 5 16.6 1.40 1.10 89.1 692
0.284 4 17.5 1.38 0.875 103 542
0.286 5 18.4 1.36 0.892 95.9 556
0.287 5 19.1 1.34 0.836 94.3 519
0.288 5 19.9 1.32 0.893 84.0 558
0.290 5 20.6 1.32 0.872 82.0 538
0.291 5 21.2 1.31 0.897 75.2 552
0.293 5 21.8 1.30 0.868 74.9 541
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